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We launched a project one year ago…but  
we were all quite busy and no result yet…
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Direct Photons

Fragmentation Photons

←  Isolated Photons

 Prompt Photons 

This is measured  
and calculated.

←
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Direct Photons
 Prompt Photons 
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Compton Annihilation

gq ! �q
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qq̄ ! �g
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Fragmentation Photons
 Prompt Photons 

qq̄ ! gg ! jets ! �
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We can perturbatively calculate direct photons  
and want to drop fragmentation photons 
(but calculable in principle)
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 Prompt Photons 
+

Isolation Cut

3

Here the light-cone momenta of an on-shell particle with 4-momentum p are given by

p
± =

1p
2

q
p2

? +m2 exp(±⌘p) . (5)

The unintegrated gluon distribution (UGD) in the dilute projectile 'p(Yp,k1?) is defined as

'p(Yp,k1?) ⌘ S?
Nc k

2

1?
4↵S

Np,Yp(k1?) , (6)

where Np,Yp(k?), the dipole amplitude is expressed in terms of the adjoint lightlike Wilson line U(x?) as

Np,Yp(k?) =
1

Nc

Z

x?

eik?·x?trchU(x?)U
†(0)iYp . (7)

The product of fundamental dipoles in Eq. (3), to O(1/N2
c ) in a large-Nc expansion, represents general multigluon

correlators describing the dense target; these too can be represented formally as UGDs [20].
The square brackets in Eq. (3) contain the hard factors for this process, where ⌧n,m with n,m 2 {g, qq̄} represents

the Dirac trace,

⌧n,m ⌘ tr
⇥
(/q +mf )T

µ
n (mf � /p)�

0
T

0†
m,µ�

0
⇤
, (8)

with Dirac matrix products Tµ
n as specified in [16].

If k�? is much larger than the typical momenta exchanged from the dense target, namely k? and |P?�k1?�k?|,
Eq. (3) simplifies to a k?-factorized expression,

d�NLO

k?-fact

d2k�?d⌘�
= S?

X

f

↵e↵SN
2
c q

2

f

64⇡4(N2
c � 1)

Z

⌘q⌘p

Z

q?p?k1?

'p(Yp,k1?)

k2

1?
Nt,Yt(P? � k1?)

⇥
⇥
2⌧g,g(k1?) + ⌧q,q(k1?) + ⌧q̄,q̄(k1?) + 2⌧g,q(k1?) + 2⌧g,q̄(k1?)

⇤
,

(9)

where ⌧n,m takes the same form as in Eq. (8) for n,m 2 {g, q, q̄} with the additional Dirac structures T
µ
q and

T
µ
q̄ also specified as in [16]. In this limit, the higher twist contributions in the projectile and the target gluon

distributions are small corrections and the k?-factorized formula (9) smoothly turns into the leading twist, or dilute-
dilute, approximation of Eq. (3).

It is crucial to note that we employ only the valence quark distribution in Eq. (1) and not the sea quark distribution.
The reason for this is as follows. When valence quarks radiate gluons, the collinear gluon emissions are enhanced and
generate a gluon distribution. If these collinear gluons subsequently radiate sea quarks, and the photon is emitted o↵
a sea quark leg, where the incoming sea quark is collinear to the gluon, that contribution, after integration over the
phase space of the spectators, will give a contribution that formally will have the structure of our LO result. However,
this result is entirely contained in our NLO expression and can be obtained by taking the appropriate collinear limits
thereof. Hence including sea quarks in the LO computation would amount to double counting their contribution. We
therefore perform the flavor summation in Eq. (1) only over the valence u and d quarks, while the flavor summation
in Eq. (3) and (9) runs over u, d, s, c and b quarks.

Prompt photon production includes both the direct photon component described by the above formulae as well as
the contribution from fragmentation photons that we do not compute here. Experimentally, the two contributions
can be separated by imposing an isolation cut along lines similar to that proposed in [36]; while this minimizes the
fragmentation contribution, it does not eliminate it completely and this uncertainty is part of the quoted experimental
systematic errors. We will adopt here the same isolation cut as used in the experiments to compare our results to the
data. The above formulas must be convoluted with

✓

⇣q
(⌘� � ⌘)2 + (�� � �)2 �R

⌘
, (10)

where ✓(x) is the step function, ⌘, � are respectively the rapidity and the azimuthal angle of either2 q or q̄, while
⌘� and �� denote the rapidity and the azimuthal angle of the photon. The CMS and the ATLAS experiments use

2 Hence, for the gg ! qq̄� channel one needs to insert two step functions.

=

Isolated Photons

Fragmentation photons almost (not perfectly) dropped

~

Isolated Direct Photons

← Experimentally measured

← Theoretically predicted

Isolated photon

R =
p

(Φ − Φphoton)2 + (η − ηphoton)2

cone
P

pT ≤ pthreshold
T

Decrease drastically fragmentation contribution and decay
photons
⇒ Access to direct photons

without isolation

R.Ichou and
al.Phys.Rev.D82

with isolation

Lucile Ronflette (SUBATECH - Nantes) Isolated photon with EMCAL in ALICE experiment QGP France 2015 - 2015/10/14 4 / 19

~ 0.4
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Gauge choice: A ⇠ ⇢A ⇠ �(x+)

q
�

⇥⇥p A

q

CGC

U ⇠ 1 + igA+
1

2
(igA)2 + · · ·

Gelis-Mehtar-Tani (2006)

(Coulomb gauge + Light cone gauge)

Multiple Scattering

⇠ ↵enqhUU†i
Gelis-Jalilian-Marian (2002)

“Leading Twist” → kt-factorized
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×
[
D(p⊥ − q⊥ − k⊥) + (1 − 2e−B1)(2π)2δ(p⊥ − q⊥ − k⊥)

]
.

(44)

Another simplification can be achieved by neglecting the term in exp(−B1) since
B1 ∼ Q2

s/Λ2
QCD

≫ 1 appears in the exponential with a negative sign. If one
introduces [41]

C(l⊥) ≡
∫

d2x⊥eil⊥·x⊥e−B2(x⊥) =

∫
d2x⊥eil⊥·x⊥

〈
U(0)U †(x⊥)

〉
ρ

, (45)

the inclusive cross section can be rewritten as

dσq→qγ
incl =

d3k

(2π)32k0

d3q

(2π)32q0

e2πR2

2p−
〈
tr(L†L)

〉
spin

×2πδ(p− − q− − k−)C(p⊥ − q⊥ − k⊥) .

(46)

Assuming again that the incoming quark transverse momentum p⊥ is zero and
neglecting the quark mass, one can perform the integrals over q+, k+, q− using
the delta functions. There is however a complication due to collinear singular-
ities, i.e. singularities that show up when the emitted photon is parallel to the
outgoing quark. It is convenient to trade the transverse momentum of the final
quark for the total transverse momentum of the final state, i.e. l⊥ ≡ q⊥ + k⊥.
In terms of this new variable, we have

1

πR2

dσq→qγ
incl

d2k⊥
=

e2

(2π)5k2
⊥

∫ 1

0
dz

[1 + (1 − z)2]

z

∫
d2l⊥

l2⊥ C(l⊥)

[l⊥ − k⊥/z]2
(47)

where z ≡ k−/p− and [1 + (1 − z)2]/z is the standard leading order photon
splitting function. Eq. (47) is our main result. Note that C(l⊥) behaves like
1/l4⊥ at large l⊥ which ensures that the integral converges at large momentum
transfer. In this formula, C(l⊥) is the only object that depends on the struc-
ture of the color sources describing the target nucleus. In particular, all the
quantum evolution effects would go into this object via the averaging procedure
in Eq. (45). One can also note that this result exhibits the standard collinear
denominator [l⊥ − k⊥/z]2 that vanishes if the photon is emitted collinearly to
the quark. This aspect of the result is of course not affected by the description
of the target nucleus as a color glass condensate.

In the soft photon limit, one can see the decoupling of the photon emission
subprocess from the quark scattering part. The latter agrees with the quark-
nucleus scattering cross-section calculated in [44].

It is instructive to perform the “perturbative limit” of this result. This
regime is reached when the transverse momentum l⊥ transferred between the
nucleus and the quark is large compared to the saturation momentum Qs. In
this limit, we have [41]

C(l⊥) ≈
2Q2

s

l4⊥
. (48)
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q
�

⇥⇥p A

l

qk

q+k

where P(x⊥) is a function that describes the transverse profile of the nucleus.
It can be thought of as a function whose value is 0 outside the nucleus and 1
inside the nucleus. The object B1 appearing in this expression is given by

B1(x⊥) ≡ Q2
s

∫
d2z⊥G2

0(x⊥ − z⊥) ∼
Q2

s

Λ2
QCD

, (21)

with Q2
s ≡ g4(tata)

∫ +∞
−∞

dz−µ2(z−)/2 the saturation scale4 (the integral of µ2

over z− is the number density of color sources per unit of transverse area in the
target nucleus). Similarly, we have

〈
(U †(x⊥) − 1)(U(y⊥) − 1)

〉
ρ

= P(x⊥)P(y⊥)
[
1 + e−B2(x⊥−y⊥) − 2e−B1

]
(22)

with the definition

B2(x⊥ − y⊥) ≡ Q2
s

∫
d2z⊥[G0(x⊥ − z⊥) − G0(y⊥ − z⊥)]2

≈
Q2

s(x⊥ − y⊥)2

4π
ln

( 1

|x⊥ − y⊥|ΛQCD

)
. (23)

In the above equations, G0(z⊥ − y⊥) is the free propagator in two dimensions,
defined by

∂2

∂z2
⊥

G0(z⊥ − y⊥) = δ(z⊥ − y⊥) (24)

and given explicitly by

G0(z⊥ − y⊥) = −
∫

d2k⊥

(2π)2
eik⊥·(z⊥−y⊥)

k2
⊥

. (25)

Note that the objects evaluated in Eqs. (20) and (22) are matrices in the funda-
mental representation of SU(Nc) that are proportional to the unit matrix. In
the calculation of cross-sections, one must sum over the color of the outgoing
quark and average over the color of the incoming quark, which amounts to tak-
ing the color trace of this matrix and dividing by Nc. Therefore, Eqs. (20) and
(22) can be seen as scalars giving directly the result of this procedure.

4 Cross-Section

At first sight, the square of the delta function δ(p− − k− − q−) that appears
when we square the amplitude might seem a little worrisome. However, this is

4 The saturation momentum would acquire a dependence on the rapidity of the quark via
quantum evolution effects not included explicitly here. Indeed, the quark is sensitive to all
of the nucleus constituents that have a rapidity between the quark rapidity and the nucleus
rapidity.

7

+ crossed diagram 
   (photon emitted first)

A note on the photon production from CGC

This is a note on the photon production from CGC.

I. PREPARATION

The Feynman propagator is expressed as

GF (x, y) = G0
F (x�y)+

Z
d4z �(z+)

n
✓(x+)✓(�y+)[U †(z?)�1]�✓(�x+)✓(y+)[U(z?)�1]

o
G0

F (x�z)�+G0
F (z�y) . (1)

In later calculations what we need is:

G>(x, y) ⌘ GF (x
+ > 0, y+ < 0) =

Z
d4z �(z+)G0

F (x� z)�+U(z?)G
0
F (z � y) . (2)

G<(x, y) ⌘ GF (x
+ < 0, y+ > 0) = �

Z
d4z �(z+)G0

F (x� z)�+U†(z?)G
0
F (z � y) . (3)

II. GELIS-JALILIAN-MARIAN FORMULA

1

A?

d�q!q�

d2k?
=

2↵e

(2⇡)4k2
?

Z 1

0
dz

1 + (1� z)2

z

Z
d2l?

l2?C(l?)

(l? � k?/z)2
. (4)

III. BENIC-FUKUSHIMA FORMULA

The amplitude is

hk,�|pAi = efg

Z
d4x eik·x

Z
d4y tr

⇥
/✏(�)(k?)GF (x, y) /A(y)GF (y, x)

⇤
. (5)

From the kinematical reason only the following will remain non-zero:

hk,�|pAi = �efg

Z
d4p d4l d4l0

(2⇡)12
✓(l0+)✓(k+ � l0+)(2⇡)�(�p+ � l+ + l0+)(2⇡)�(l+ � l0+ + k+)

⇥ tr
⇥
/✏(�)(k?)G

0
F (l

0)�+U(�p? � l? + l0?)G
0
F (p+ l) /A(p)G0

F (l)�
+U †(�l? + l0? � k?)G

0
F (l

0 � k)
⇤
.

(6)

This trace part can be decomposed into the color trace given by

T (k?,p?, l?, l
0
?) ⌘ tr

⇥
U(�p? � l? � l0?)⇢p(p?)U

†(�l? + l0? � k?)
⇤
, (7)

and the Dirac trace given by

Wµ(k, p, l, l0) ⌘ tr
⇥
�µ(/l 0 +m)�+(/p+/l +m)/pt(/l +m)�+(/l 0 � /k +m)

⇤
. (8)

Because Aµ(p) has large enhancement at p? ⇠ 0, we approximate p? ⇠ 0 when p? appears in the numerator. Also,
we set m = 0 when m appears in the numerator. These approximations significantly simplify the final expression.
Then, we can compute Wµ(k, p, l, l0) and its transverse components are

W? ⇡ �16k+l2?(l
0+k? + k+l0?) . (9)

We can show that W� = 0 and so W 2 will have only the transverse contributions.
The amplitude then takes the following form:

hk,�|pAi ⇡ 16i efg

Z
d3p d3l d3l0

(2⇡)9

Z k+

0

dl0+

2⇡

l2?(l
0+k? � k+l0?) T (k?,p?, l?, l

0
?)

(p� + i✏)p2
?

⇥ 1

(l02 �m2 + i✏)[(p+ l)2 �m2 + i✏](l2 �m2 + i✏)[(l0 � k)2 �m2 + i✏]
,

(10)
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Figure 2: Behavior of the correlator C(k⊥) as a function of k⊥. In this plot,
the value of Qs is such that Qs/Λ

QCD
= 10. Circles: computed value of C(k⊥).

Solid line: the “perturbative” value C(k⊥) ≈ 2Qs/k4
⊥, valid if k⊥ ≫ Qs.

Using this result, we have:

dσq→qγ
incl

d2k⊥

∣∣∣
pert.

=
2Nhe2

qαemα2
S

π2

C
F

k2
⊥

1∫

0

dz
1 + (1 − z)2

z

∫
d2l⊥

l2⊥[l⊥ − k⊥/z]2
(49)

where eq is the quark electric charge in units of the electron charge, and where
Nh ≡ πR2

∫
dz−µ2(z−) is the total number of hard color sources in the target

nucleus. Therefore, this expression has all the features of the bremsstrahlung of
a photon by a quark scattering off a parton inside the nucleus with the exchange
of a gluon in the t-channel (this term is the dominant one at large center of mass
energy).

In Eq. (47), the only factor that depends crucially on the saturation hypoth-
esis for the nucleus is the factor C(l⊥). Indeed, this term contains all the de-
pendence on the saturation scale, as well as the modifications of the transverse
momentum spectrum at scales below Qs. The transverse momentum depen-
dence of this object is illustrated in figure 2. In order to observe effects due to
this factor, it would be useful to measure both the radiated photon and the jet
induced by the outgoing quark. The photon-jet correlations, and in particular
the distribution of their total transverse momentum l⊥ = q⊥+k⊥, would indeed
enable one to extract in a rather direct way the function C(l⊥) itself. On the
contrary, if one measures only the photon spectrum, one can access only a given
moment of this function.

12

Gelis-Jalilian-Marian (2002)

CGC Effect 
 seen for 
  k < Qs

IR Suppression
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Ducloue-Lappi-Mantysaari (2017)
2 / Nuclear Physics A 00 (2018) 1–4
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Fig. 1. Nuclear modification factor RpA for isolated photon production. Left: RHIC energy
p

s = 200GeV, Right: LHC energyp
s = 8TeV. The isolation cuts are R = 0.4 (solid line) and R = 0.1 (dashed line) Plots from [1].

All of the processes studied here can be understood in terms of an eikonal picture. Here the scattering
process depends on the light-like Wilson line of the color field of the target nucleus, which is the eikonal
scattering amplitude of the colored probe. In fact gauge invariant cross sections depend on color singlet
operators made out of these Wilson lines, the most common being the color dipole

N (|xT � yT |) = 1 �
*

1
Nc

Tr V†(xT )V(yT )
+
. (1)

For small dipoles N(r) ! 0, a phenomenon known as color transparency. For large dipoles, on the other
hand, N(r) ! 1. Thus somewhere in between there is a typical correlation length of the Wilson lines,
denoted by 1/Qs. The corresponding momentum scale Qs, marking the transition from a dilute high mo-
mentum regime to one dominated by nonlinearities, is known as the saturation scale.

Here we obtain N(r) from the “MVe” parametrization of Ref. [2]. Here the dipole amplitude for a proton
target at the initial momentum fraction x0 = 0.01 is parametrized in terms of 3 parameters. It is then evolved
to lower momentum fractions x using a leading order running coupling Balitsky-Kovchegov (BK) evolution
equation. The free parameters are determined by inclusive HERA DIS cross sections and extended from
proton to nuclear targets using an optical Glauber framework. Thus no additional parameters apart from
standard Woods-Saxon geometry are required to describe nuclei.

2. Photon production at forward rapidity

In this framework photons are produced in the following way. A quark (which at forward rapidity comes
from the high-x part of the probe and can thus be described by conventional collinear parton distributions)
passes through the color field of the target nucleus, picking up a Wilson line factor. Either before or after the
collision, it can emit a real or virtual photon. The cross section for this process, expressed in terms of the
same dipole amplitude (1) that we fit to DIS data was derived in Ref. [3]. It contains additional divergences
when the photon becomes collinear with the outgoing quark, which we regulated with an isolation cutp

(y� � yq)2 + (�� � �q)2 > R.
The result for the nuclear modification factor is shown in Fig. 1 for both RHIC and LHC energies.

In these results we can distinguish two e↵ects. Firstly, already at RHIC energies photon production is sup-
pressed at transverse momenta that are small compared to the saturation scale of the target. This suppression
can be undestood as a clear indication of gluon saturation; the existence of a characteristic transverse mo-
mentum scale that is higher for nuclei than for protons. Secondly, when going to LHC energies one moves
to much smaller values of the momentum fraction x. In this regime the nuclear suppression extends to much
higher values of the photon transverse momentum. This is an e↵ect of the high energy (BK) evolution which
leads to a modification known as geometric scaling in the gluon distribution of the target; we will discuss
this e↵ect further below.
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All of the processes studied here can be understood in terms of an eikonal picture. Here the scattering
process depends on the light-like Wilson line of the color field of the target nucleus, which is the eikonal
scattering amplitude of the colored probe. In fact gauge invariant cross sections depend on color singlet
operators made out of these Wilson lines, the most common being the color dipole

N (|xT � yT |) = 1 �
*

1
Nc

Tr V†(xT )V(yT )
+
. (1)

For small dipoles N(r) ! 0, a phenomenon known as color transparency. For large dipoles, on the other
hand, N(r) ! 1. Thus somewhere in between there is a typical correlation length of the Wilson lines,
denoted by 1/Qs. The corresponding momentum scale Qs, marking the transition from a dilute high mo-
mentum regime to one dominated by nonlinearities, is known as the saturation scale.

Here we obtain N(r) from the “MVe” parametrization of Ref. [2]. Here the dipole amplitude for a proton
target at the initial momentum fraction x0 = 0.01 is parametrized in terms of 3 parameters. It is then evolved
to lower momentum fractions x using a leading order running coupling Balitsky-Kovchegov (BK) evolution
equation. The free parameters are determined by inclusive HERA DIS cross sections and extended from
proton to nuclear targets using an optical Glauber framework. Thus no additional parameters apart from
standard Woods-Saxon geometry are required to describe nuclei.

2. Photon production at forward rapidity

In this framework photons are produced in the following way. A quark (which at forward rapidity comes
from the high-x part of the probe and can thus be described by conventional collinear parton distributions)
passes through the color field of the target nucleus, picking up a Wilson line factor. Either before or after the
collision, it can emit a real or virtual photon. The cross section for this process, expressed in terms of the
same dipole amplitude (1) that we fit to DIS data was derived in Ref. [3]. It contains additional divergences
when the photon becomes collinear with the outgoing quark, which we regulated with an isolation cutp

(y� � yq)2 + (�� � �q)2 > R.
The result for the nuclear modification factor is shown in Fig. 1 for both RHIC and LHC energies.

In these results we can distinguish two e↵ects. Firstly, already at RHIC energies photon production is sup-
pressed at transverse momenta that are small compared to the saturation scale of the target. This suppression
can be undestood as a clear indication of gluon saturation; the existence of a characteristic transverse mo-
mentum scale that is higher for nuclei than for protons. Secondly, when going to LHC energies one moves
to much smaller values of the momentum fraction x. In this regime the nuclear suppression extends to much
higher values of the photon transverse momentum. This is an e↵ect of the high energy (BK) evolution which
leads to a modification known as geometric scaling in the gluon distribution of the target; we will discuss
this e↵ect further below.

Dense — Wilson lines : MV model + rcBK 
Dilute — PDF : CTEQ6

Gelis-Jalilian-Marian formula + isolation cut

Rapidity Dependence

3

µ2 at which the PDFs are evaluated is chosen to be
µ2 = max{l2T ,kT

2}. The scale uncertainty mostly can-
cels in the nuclear modification factor, as we demonstrate
explicitly in Appendix A.

The expression for the cross section (4) is divergent
when the quark and the photon are close to each other
in phase space. In particular, as discussed in Ref. [44],
Eq. (4) contains a divergent contribution corresponding
to q ! � fragmentation. In this work we are interested
in prompt photon production and do not want to include
the fragmentation component. To enforce an isolation
cut we multiply the integrand of Eq. (4) by the measure
function

✓

✓q
(y� � yq)2 + ��2 � R

◆
. (9)

Here �� is the azimuthal angle di↵erence between the
scattered quark and the photon and R a chosen isola-
tion cone radius, which we will vary as a check of the
systematics.

IV. DIPOLE SCATTERING

To describe dipole-proton scattering we use the MVe

parametrization from Ref. [22]. Here, the dipole-proton
scattering amplitude N = 1 � S at the initial rapidity
x0 = 0.01 is parametrized as

N(rT , x = x0) = 1 � exp


�rT 2Q2

s0

4

⇥ ln

✓
1

|rT |⇤QCD
+ ec · e

◆�
. (10)

The impact parameter profile is assumed to factorize, and
is parametrized by a constant:

Z
d2bTN(rT ,bT , x) =

�0

2
N(rT , x). (11)

The dipole amplitude is evolved to values of x smaller
than x0 by solving the running coupling Balitsky-
Kovchegov evolution equation. The parameters of the
model (Qs0, ec, �0 and the scale of the coordinate space
running coupling in the BK equation) have been obtained
by fitting the HERA reduced cross section data at small
x  0.01 in Ref. [22]. The fit done in Ref. [22] includes
only light quarks, but in this work we also include the
charm quark contribution. As we are mostly interested
in cross section ratios (namely the nuclear suppression
factor RpA), the quark mass e↵ects should be negligible.

The dipole-nucleus scattering amplitude is obtained by
generalizing Eq. (10) at the initial condition x = x0 to
nuclei using an optical Glauber model (see again [22]).

The dipole-nucleus amplitude at x = x0 is written as

NA(rT ,bT ) = 1 � exp


�ATA(bT )

�0

2

rT 2Q2
s0

4

⇥ ln

✓
1

|rT |⇤QCD
+ ec · e

◆�
. (12)

Here TA is the thickness function of the nucleus normal-
ized to unity (

R
d2bTTA(bT ) = 1). The evolution to

smaller values of x is then done using the BK equation
separately at each value of b ⌘ |bT |. We emphasize that
all the other parameters besides the standard Woods-
Saxon geometry that is used to determine TA are con-
strained by the HERA DIS data.

Here we need to calculate cross sections in the same
kinematics in both proton-nucleus and proton-proton col-
lisions. For a proton target we need to take into ac-
count the fact that the geometric size of the proton mea-
sured in deep inelastic scattering experiments, �0/2, is
not the same as the inelastic nucleon-nucleon cross sec-
tion �inel. For a proton target, the cross section is ob-
tained by integrating Eqs. (1) and (4) over the area oc-
cupied by the small-x gluons in the target, which in our
factorized model for the proton impact parameter depen-
dence yields a factor �0/2 as in Eq. (11). The invariant
yield reported by the experiments is defined as this cross
section divided by the total inelastic cross section �inel.
Thus, for a proton target, Eqs. (1) and (4) are e↵ectively

multiplied by �0/2
�inel

, and the dipole-proton amplitude has
no explicit impact parameter dependence. For more de-
tails, see [22]. Here we use the values �inel = 42 mb
at

p
s = 200 GeV [10] and �inel = 75 mb at

p
s = 8

TeV [45]. This corresponds to a number of binary col-
lisions Nbin = 4.948 for p+Au collisions, Nbin = 2.568
for p+Al collisions at RHIC and Nbin = 8.153 for p+Pb
collisions at the LHC.

V. RESULTS

Let us now present our results for the nuclear suppres-
sion factors RpA. The advantage of this ratio compared
to individual yields is that the overall normalization un-
certainty can be expected to mostly cancel. We calculate

RpA =
dNpA

NbindNpp
. (13)

In the absence of nuclear e↵ects, this ratio is exactly one.

A. LHC

First in Fig. 1 we present results for inclusive ⇡0 pro-
duction at forward rapidities accessible at LHCb and,
after future upgrades, also at ALICE. The same nuclear
suppression factor for isolated photon production with
two di↵erent isolation cuts R = 0.4 and R = 0.1 is shown

RHIC LHC



June 22, 2019 @ Sophia

NLO Photon in pA

!11

q

�

⇥⇥p A

q
�

⇥⇥p A q

�

⇥⇥p A

⇠ ↵eh(g⇢p)2ihUU†UU†i

⇠ ↵e�nqhUU†i
⇠ ↵eh(g⇢p)2ihUU†UU†i

Bremsstrahlung

Annihilation

Benic-Fukushima (2016)

Benic-Fukushima- 
-Garcia-Montero-Venugopalan (2016)



June 22, 2019 @ Sophia

LO vs. NLO with CGC

!12

⇠ ↵enqhUU†i

⇠ ↵eh(g⇢p)2ihUU†UU†i

LO:

NLO:

NLO is overwhelming (i.e., saturation dominant)  
but the pA (dilute) expansion still works

Systematic calculations feasible 
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Figure 1: Leading order process for prompt photon production in proton-nucleus collisions. The diagram describes the
bremsstrahlung of a photon from a valence quark after multiple scattering o↵ the classical gluon field in the nucleus.

to the intrinsic non-perturbative QCD scale, the strongly correlated dynamics of gluons can be computed
using weak coupling techniques. In nuclei, the saturation scale (QA

S )
2
⇠ A

1/3. The high energy dynamics
of nuclei are therefore well suited to test the CGC description of high energy QCD. Photon production, as
noted, is a particularly sensitive probe because it is independent of the details of how partons fragment into
hadrons.

Photon production in p+A collisions was previously computed to leading order in the CGC framework [4].
The power counting for proton-nucleus collisions corresponds to a “dilute-dense” limit, where contributions
to lowest order in Q

p
S/k1? ⌧ 1 (where Q

p
S is the saturation scale in the projectile proton) are preserved

along with all order terms in Q
A
S /k1?. Here k1?, k2? respectively correspond to the momentum exchange

from the proton and the nucleus to the final state of interest. For photon production, the leading term in
this dilute-dense power counting corresponds to order O(↵), where ↵ is the QED fine structure constant.
This leading order (LO) contribution is illustrated in Fig. 1. The quark line in this figure corresponds to
a valence quark in the wavefunction of the projectile proton. In the high occupancy regime of k?  Q

A
S ,

there is no ↵S dependence at LO because the ↵S factor in the cross section arising from the coupling of a
gluon to the valence quark is compensated by the 1/↵S occupancy of these gluons in the target. The O(↵)
dependence must be understood as being accompanied by the valence quark distribution fq in the proton.

At next-to-leading order (NLO) O(↵↵S), there are a number of contributions which can be classified
into the three classes shown in Fig. 2. The leftmost diagram (class I) corresponds to a gluon emitted from
the incoming valence quark. For inclusive photon production, one has to integrate over the phase space
corresponding to the emitted gluon. Another NLO contribution to inclusive photon production in this
diagrammatic class (not shown) arises from the interference between the LO contribution in the amplitude
and a contribution in the complex conjugate amplitude corresponding to the virtual emission and absorption
of a gluon by the valence quark. Both of these diagrams give logarithms that are sensitive to the transverse
momentum and x of the gluon. These diagrams contribute to the DGLAP renormalization group (RG)
evolution of the valence quark distribution1. The NLO contributions of class I are therefore actually of O(↵)
if the bare valence quark distribution in the proton is replaced by the RG evolved quark distribution.

The class II NLO diagram in Fig. 2 was computed recently [5]. In this case, since the quark-antiquark
pair are emitted from the gluon prior to their subsequent annihilation into the photon, this diagram is of
order O(↵↵S) with the cross section for this contribution accompanied by a factor fg corresponding to the
gluon distribution in the proton. While this is an NLO diagram, it can in principle provide a much larger
contribution to photon production. This is because the gluon distribution grows rapidly while the valence
quark distribution decreases at small x, giving fg � fq. Thus for photon production in the small x kinematics
of the projectile proton, such NLO contributions can dominate significantly. The kinematics of the class II

1The dominant contribution comes from the large phase space in transverse momentum ↵S ln(k?) ⇠ 1; since valence quarks
are predominantly localized at x ⇠ 1, the logarithms in x are sub-dominant, as is the case for DGLAP evolution.
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Figure 2: Next-to-leading order processes for prompt photon production in proton-nucleus collisions. The class I diagram
describes the bremsstrahlung of a photon from a valence quark. The next two diagrams correspond to a gluon from the proton
splitting into a qq̄ that annihilates into a photon final state (class II), or emits a photon either before or after rescattering o↵
the nucleus (class III). As described in the text, the class I diagram, upon evolution, is the same order as the diagram in Fig. 1.

diagram is relevant for inclusive photon production at central rapidities. Because of pair annihilation, the
transverse momentum of the photon for this diagram is strongly constrained to be dominated by momenta
around k? ⇠ Q

A
S . Thus this contribution is in principle very sensitive to the saturation scale of the nucleus.

However as also noted in Ref. [5], there is a further class of NLO processes, class III in Fig. 2, that
contribute significantly to photon production in p+A collisions. Firstly, like the class II process, this NLO
contribution comes accompanied by a factor fg which, as noted, will overwhelm the LO contribution at
small x. Secondly there are some features of the class III computation that are qualitatively di↵erent from
those of class II. Unlike the latter, photon production, while sensitive to Q

A
S , is dominated by soft momenta

with k? < Q
A
S . Similarly, since photon production is not as kinematically constrained for class III diagrams

relative to class II diagrams, it will also dominate at large k? > Q
A
S . In particular, class III diagrams will

match the contribution from leading twist pQCD at high k?, while the class II contribution is proportional
to a higher twist four point correlator even at large k?. The sum of class II and class III diagrams constitute
the relevant NLO contribution to inclusive photon production in the CGC framework.

In this paper, we will compute the class III NLO diagrams for photon production in p+A collisions
in the CGC framework2. We will perform the computation first in Lorenz gauge @µA

µ = 0 gauge, and
subsequently in light-cone gauge A

+ = 0. In addition to being an independent non-trivial check of our
results, the intermediate steps are interesting and realized di↵erently in the two gauges.

The paper is organized as follows. In Section 2, after a preliminary discussion of dilute-dense collisions
in the CGC framework, we will outline the derivation of the amplitude for the inclusive production of a qq̄�

final state in Lorenz gauge. Our work closely follows the previous derivation in this gauge of the amplitude
for gluon production [7] and quark-antiquark pair production [8] in proton-nucleus collisions. As for the case
of the pair production amplitude considered previously, we show that contributions from so-called “singular”
terms, wherein the photon is produced from within the target, are exactly canceled by terms that one can
identify as gauge artifacts in regular terms. The latter are contributions where the quark-antiquark pair (and
the photon) are produced either before or after the scattering of gluons from the target o↵ the projectile.

In Section 3, we compute the cross section for inclusive photon production. For readers interested in
the central result of this work, the key expression is given in Eq. (62). As in the case of quark-antiquark
production [8], the cross section factorizes into the product of the unintegrated gluon distribution in the
projectile times the sum of terms corresponding to the gluon distribution in the target, and quark-antiquark-
gluon and quark-antiquark-quark-antiquark light-like Wilson line correlators. These correlators contain non-
trivial information on many-body gluon and sea quark correlations that are of all twist order in conventional
pQCD language. In Sec. 4 we demonstrate that for Q

A
S ⌧ k2?, the cross section can be expressed as a

2Several of the results presented here were first obtained as a part of the Masters’s thesis of one of the authors (Garcia-
Montero) at the University of Heidelberg [6].
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FIG. 2. Fraction of the inclusive photon cross section from the NLO gg ! qq̄� channel relative to the total NLO+LO
contribution, as a function of k�?. Here, and in subsequent plots, the NLO computation was performed employing the k?-
factorized formula Eq. (9). The left panel shows the collision energy dependence at

p
s = 0.2, 2.76, 7, 13 TeV for ⌘� = 1.0. The

right panel shows the photon rapidity dependence at ⌘� = 0, 1.5, 2.5 for
p
s = 7 TeV. In both cases, R = 0.4.

FIG. 3. Left (right) panel shows hxti, the average value of xt, in the target proton as a function of k�? at
p
s = 7 TeV (13 TeV).

The di↵erent curves correspond to ⌘� = 0.0, 0.75, 1.5 and 2.0. In both cases, R = 0.4.

energy dependence of the ratio for
p
s = 0.2, 2.76, 7 and 13 TeV with ⌘� = 1.0. We observe that the NLO fraction of

the inclusive photon cross-section at the highest RHIC energy of
p
s = 0.2 TeV is quite small, ⇠ 10%. This is because,

for the relevant k�?, quite large values of x are probed in the proton where the gluon distribution does not dominate
over that of valence quark distributions. However, already at

p
s = 2.76 TeV, the NLO contribution is more than

60% even for the largest values of k�? shown, and increasing the center-of-mass energy to
p
s = 7 TeV and 13 TeV

enhances the NLO contribution to more than ⇠ 90%. These results confirm that at LHC energies gluons dominate
the proton wavefunction, even for photons with k�? = 20 GeV. The right panel shows the ratio for photon rapidities
of ⌘� = 0, 1.5, 2.5 at a fixed

p
s = 7 TeV. The NLO contribution dominates completely at central rapidities and

supplies 50% of the cross-section even at ⌘� = 2.5 and k�? = 20 GeV.
A significant source of theoretical uncertainty in our computations are the contributions from the large k�? region.

Starting from k�? ⇠ 10 GeV, the small-x logs compete with transverse momentum logs log(k2?/⇤
2

QCD
) associated

with DGLAP evolution3 where a matching between the two formalisms becomes necessary. We will therefore show
our results for k�?  20 GeV where the average value of xt is hxti  0.01, as demonstrated on Fig. 3. For a systematic
approach to this matching [51] it will be necessary to include higher order corrections to our framework. In addition

3 According to a recent estimate [50], small-x e↵ects in DIS become important for log 1/x � 1.2 logQ2/⇤2
QCD. This estimate is process

dependent and may be di↵erent in the case of inclusive photon production.
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Figure 2: Next-to-leading order processes for prompt photon production in proton-nucleus collisions. The class I diagram
describes the bremsstrahlung of a photon from a valence quark. The next two diagrams correspond to a gluon from the proton
splitting into a qq̄ that annihilates into a photon final state (class II), or emits a photon either before or after rescattering o↵
the nucleus (class III). As described in the text, the class I diagram, upon evolution, is the same order as the diagram in Fig. 1.

diagram is relevant for inclusive photon production at central rapidities. Because of pair annihilation, the
transverse momentum of the photon for this diagram is strongly constrained to be dominated by momenta
around k? ⇠ Q

A
S . Thus this contribution is in principle very sensitive to the saturation scale of the nucleus.

However as also noted in Ref. [5], there is a further class of NLO processes, class III in Fig. 2, that
contribute significantly to photon production in p+A collisions. Firstly, like the class II process, this NLO
contribution comes accompanied by a factor fg which, as noted, will overwhelm the LO contribution at
small x. Secondly there are some features of the class III computation that are qualitatively di↵erent from
those of class II. Unlike the latter, photon production, while sensitive to Q

A
S , is dominated by soft momenta

with k? < Q
A
S . Similarly, since photon production is not as kinematically constrained for class III diagrams

relative to class II diagrams, it will also dominate at large k? > Q
A
S . In particular, class III diagrams will

match the contribution from leading twist pQCD at high k?, while the class II contribution is proportional
to a higher twist four point correlator even at large k?. The sum of class II and class III diagrams constitute
the relevant NLO contribution to inclusive photon production in the CGC framework.

In this paper, we will compute the class III NLO diagrams for photon production in p+A collisions
in the CGC framework2. We will perform the computation first in Lorenz gauge @µA

µ = 0 gauge, and
subsequently in light-cone gauge A

+ = 0. In addition to being an independent non-trivial check of our
results, the intermediate steps are interesting and realized di↵erently in the two gauges.

The paper is organized as follows. In Section 2, after a preliminary discussion of dilute-dense collisions
in the CGC framework, we will outline the derivation of the amplitude for the inclusive production of a qq̄�

final state in Lorenz gauge. Our work closely follows the previous derivation in this gauge of the amplitude
for gluon production [7] and quark-antiquark pair production [8] in proton-nucleus collisions. As for the case
of the pair production amplitude considered previously, we show that contributions from so-called “singular”
terms, wherein the photon is produced from within the target, are exactly canceled by terms that one can
identify as gauge artifacts in regular terms. The latter are contributions where the quark-antiquark pair (and
the photon) are produced either before or after the scattering of gluons from the target o↵ the projectile.

In Section 3, we compute the cross section for inclusive photon production. For readers interested in
the central result of this work, the key expression is given in Eq. (62). As in the case of quark-antiquark
production [8], the cross section factorizes into the product of the unintegrated gluon distribution in the
projectile times the sum of terms corresponding to the gluon distribution in the target, and quark-antiquark-
gluon and quark-antiquark-quark-antiquark light-like Wilson line correlators. These correlators contain non-
trivial information on many-body gluon and sea quark correlations that are of all twist order in conventional
pQCD language. In Sec. 4 we demonstrate that for Q

A
S ⌧ k2?, the cross section can be expressed as a

2Several of the results presented here were first obtained as a part of the Masters’s thesis of one of the authors (Garcia-
Montero) at the University of Heidelberg [6].

3

Soft photons → Soft (and thus saturation) gluons ???

quark-antiquark  
integrated (“inclusive”)



June 22, 2019 @ Sophia

Kinematics

!16

Hard photons → Hard gluons 
                 (more kt-factorized)

fq

“
g

AA

I

fg “

II

AA

AA

fg “

III

AA

AA

Figure 2: Next-to-leading order processes for prompt photon production in proton-nucleus collisions. The class I diagram
describes the bremsstrahlung of a photon from a valence quark. The next two diagrams correspond to a gluon from the proton
splitting into a qq̄ that annihilates into a photon final state (class II), or emits a photon either before or after rescattering o↵
the nucleus (class III). As described in the text, the class I diagram, upon evolution, is the same order as the diagram in Fig. 1.

diagram is relevant for inclusive photon production at central rapidities. Because of pair annihilation, the
transverse momentum of the photon for this diagram is strongly constrained to be dominated by momenta
around k? ⇠ Q

A
S . Thus this contribution is in principle very sensitive to the saturation scale of the nucleus.

However as also noted in Ref. [5], there is a further class of NLO processes, class III in Fig. 2, that
contribute significantly to photon production in p+A collisions. Firstly, like the class II process, this NLO
contribution comes accompanied by a factor fg which, as noted, will overwhelm the LO contribution at
small x. Secondly there are some features of the class III computation that are qualitatively di↵erent from
those of class II. Unlike the latter, photon production, while sensitive to Q

A
S , is dominated by soft momenta

with k? < Q
A
S . Similarly, since photon production is not as kinematically constrained for class III diagrams

relative to class II diagrams, it will also dominate at large k? > Q
A
S . In particular, class III diagrams will

match the contribution from leading twist pQCD at high k?, while the class II contribution is proportional
to a higher twist four point correlator even at large k?. The sum of class II and class III diagrams constitute
the relevant NLO contribution to inclusive photon production in the CGC framework.

In this paper, we will compute the class III NLO diagrams for photon production in p+A collisions
in the CGC framework2. We will perform the computation first in Lorenz gauge @µA

µ = 0 gauge, and
subsequently in light-cone gauge A

+ = 0. In addition to being an independent non-trivial check of our
results, the intermediate steps are interesting and realized di↵erently in the two gauges.

The paper is organized as follows. In Section 2, after a preliminary discussion of dilute-dense collisions
in the CGC framework, we will outline the derivation of the amplitude for the inclusive production of a qq̄�

final state in Lorenz gauge. Our work closely follows the previous derivation in this gauge of the amplitude
for gluon production [7] and quark-antiquark pair production [8] in proton-nucleus collisions. As for the case
of the pair production amplitude considered previously, we show that contributions from so-called “singular”
terms, wherein the photon is produced from within the target, are exactly canceled by terms that one can
identify as gauge artifacts in regular terms. The latter are contributions where the quark-antiquark pair (and
the photon) are produced either before or after the scattering of gluons from the target o↵ the projectile.

In Section 3, we compute the cross section for inclusive photon production. For readers interested in
the central result of this work, the key expression is given in Eq. (62). As in the case of quark-antiquark
production [8], the cross section factorizes into the product of the unintegrated gluon distribution in the
projectile times the sum of terms corresponding to the gluon distribution in the target, and quark-antiquark-
gluon and quark-antiquark-quark-antiquark light-like Wilson line correlators. These correlators contain non-
trivial information on many-body gluon and sea quark correlations that are of all twist order in conventional
pQCD language. In Sec. 4 we demonstrate that for Q

A
S ⌧ k2?, the cross section can be expressed as a

2Several of the results presented here were first obtained as a part of the Masters’s thesis of one of the authors (Garcia-
Montero) at the University of Heidelberg [6].
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Figure 2: Next-to-leading order processes for prompt photon production in proton-nucleus collisions. The class I diagram
describes the bremsstrahlung of a photon from a valence quark. The next two diagrams correspond to a gluon from the proton
splitting into a qq̄ that annihilates into a photon final state (class II), or emits a photon either before or after rescattering o↵
the nucleus (class III). As described in the text, the class I diagram, upon evolution, is the same order as the diagram in Fig. 1.

diagram is relevant for inclusive photon production at central rapidities. Because of pair annihilation, the
transverse momentum of the photon for this diagram is strongly constrained to be dominated by momenta
around k? ⇠ Q

A
S . Thus this contribution is in principle very sensitive to the saturation scale of the nucleus.

However as also noted in Ref. [5], there is a further class of NLO processes, class III in Fig. 2, that
contribute significantly to photon production in p+A collisions. Firstly, like the class II process, this NLO
contribution comes accompanied by a factor fg which, as noted, will overwhelm the LO contribution at
small x. Secondly there are some features of the class III computation that are qualitatively di↵erent from
those of class II. Unlike the latter, photon production, while sensitive to Q

A
S , is dominated by soft momenta

with k? < Q
A
S . Similarly, since photon production is not as kinematically constrained for class III diagrams

relative to class II diagrams, it will also dominate at large k? > Q
A
S . In particular, class III diagrams will

match the contribution from leading twist pQCD at high k?, while the class II contribution is proportional
to a higher twist four point correlator even at large k?. The sum of class II and class III diagrams constitute
the relevant NLO contribution to inclusive photon production in the CGC framework.

In this paper, we will compute the class III NLO diagrams for photon production in p+A collisions
in the CGC framework2. We will perform the computation first in Lorenz gauge @µA

µ = 0 gauge, and
subsequently in light-cone gauge A

+ = 0. In addition to being an independent non-trivial check of our
results, the intermediate steps are interesting and realized di↵erently in the two gauges.

The paper is organized as follows. In Section 2, after a preliminary discussion of dilute-dense collisions
in the CGC framework, we will outline the derivation of the amplitude for the inclusive production of a qq̄�

final state in Lorenz gauge. Our work closely follows the previous derivation in this gauge of the amplitude
for gluon production [7] and quark-antiquark pair production [8] in proton-nucleus collisions. As for the case
of the pair production amplitude considered previously, we show that contributions from so-called “singular”
terms, wherein the photon is produced from within the target, are exactly canceled by terms that one can
identify as gauge artifacts in regular terms. The latter are contributions where the quark-antiquark pair (and
the photon) are produced either before or after the scattering of gluons from the target o↵ the projectile.

In Section 3, we compute the cross section for inclusive photon production. For readers interested in
the central result of this work, the key expression is given in Eq. (62). As in the case of quark-antiquark
production [8], the cross section factorizes into the product of the unintegrated gluon distribution in the
projectile times the sum of terms corresponding to the gluon distribution in the target, and quark-antiquark-
gluon and quark-antiquark-quark-antiquark light-like Wilson line correlators. These correlators contain non-
trivial information on many-body gluon and sea quark correlations that are of all twist order in conventional
pQCD language. In Sec. 4 we demonstrate that for Q

A
S ⌧ k2?, the cross section can be expressed as a

2Several of the results presented here were first obtained as a part of the Masters’s thesis of one of the authors (Garcia-
Montero) at the University of Heidelberg [6].
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FIG. 2. Fraction of the inclusive photon cross section from the NLO gg ! qq̄� channel relative to the total NLO+LO
contribution, as a function of k�?. Here, and in subsequent plots, the NLO computation was performed employing the k?-
factorized formula Eq. (9). The left panel shows the collision energy dependence at

p
s = 0.2, 2.76, 7, 13 TeV for ⌘� = 1.0. The

right panel shows the photon rapidity dependence at ⌘� = 0, 1.5, 2.5 for
p
s = 7 TeV. In both cases, R = 0.4.

FIG. 3. Left (right) panel shows hxti, the average value of xt, in the target proton as a function of k�? at
p
s = 7 TeV (13 TeV).

The di↵erent curves correspond to ⌘� = 0.0, 0.75, 1.5 and 2.0. In both cases, R = 0.4.

energy dependence of the ratio for
p
s = 0.2, 2.76, 7 and 13 TeV with ⌘� = 1.0. We observe that the NLO fraction of

the inclusive photon cross-section at the highest RHIC energy of
p
s = 0.2 TeV is quite small, ⇠ 10%. This is because,

for the relevant k�?, quite large values of x are probed in the proton where the gluon distribution does not dominate
over that of valence quark distributions. However, already at

p
s = 2.76 TeV, the NLO contribution is more than

60% even for the largest values of k�? shown, and increasing the center-of-mass energy to
p
s = 7 TeV and 13 TeV

enhances the NLO contribution to more than ⇠ 90%. These results confirm that at LHC energies gluons dominate
the proton wavefunction, even for photons with k�? = 20 GeV. The right panel shows the ratio for photon rapidities
of ⌘� = 0, 1.5, 2.5 at a fixed

p
s = 7 TeV. The NLO contribution dominates completely at central rapidities and

supplies 50% of the cross-section even at ⌘� = 2.5 and k�? = 20 GeV.
A significant source of theoretical uncertainty in our computations are the contributions from the large k�? region.

Starting from k�? ⇠ 10 GeV, the small-x logs compete with transverse momentum logs log(k2?/⇤
2

QCD
) associated

with DGLAP evolution3 where a matching between the two formalisms becomes necessary. We will therefore show
our results for k�?  20 GeV where the average value of xt is hxti  0.01, as demonstrated on Fig. 3. For a systematic
approach to this matching [51] it will be necessary to include higher order corrections to our framework. In addition

3 According to a recent estimate [50], small-x e↵ects in DIS become important for log 1/x � 1.2 logQ2/⇤2
QCD. This estimate is process

dependent and may be di↵erent in the case of inclusive photon production.
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must be resummed → small-x evolution
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kT factorized approximation from the expansion  
of the Wilson line (no CGC resummation)

q

CGC

This approximation makes sense when a large momentum 
(or quark mass) is involved in the considered process

U ⇠ 1 + igA+
1

2
(igA)2 + · · ·

Many complicated PDF reduced to only one
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FIG. 1. Ratios of the k?-factorized results to the full CGC results as a function of k�? at
p
s = 7 TeV with the isolation cut

R = 0.4. The upper panel is for the photon rapidity ⌘� = 0 and the lower for ⌘� = 2.5. The band represents the error estimate
from performing multidimensional integrals using the VEGAS Monte Carlo integration routine.

R = 0.4, estimating the remaining fragmentation component to 10% of the total cross section [37, 38]. We use R = 0.4
throughout this paper.

We will now present some of the numerical details in our computation of Eqs. (1), (3) and (9). For the valence
quark distribution, we use the CTEQ6M set [39]. The small-x evolution of the dipole distributions is obtained from
the running coupling Balitsky-Kovchegov (rcBK) [40, 41], which is a good approximation to the general expression for
the dipole forward scattering amplitude given by the Balitsky-JIMWLK hierarchy [40, 42–45]. In solving the rcBK
equation numerically, the initial condition for the dipole amplitude at x0 = 0.01 is given by the McLerran-Venugopalan
(MV) model with anomalous dimension � = 1, the saturation momentum at the initial x0 of Q2

0
= 0.2 GeV2, and

the IR cuto↵ for the running couping ⇤IR = 0.241 GeV–see [46] for details of the rcBK initial conditions. With the
initial condition fixed, the rcBK equation is solved to determine the dipole amplitude for x < x0. For x > x0, we
use the extrapolation suggested in Ref. [22] wherein the UGD can be matched to the CTEQ6M gluon distribution.
The matching procedure fixes the proton radius Rp, to Rp = 0.48 fm, or equivalently S? = ⇡R

2
p = 7.24 mb. Note

that this value of Rp is quite close to that extracted from saturation model fits to exclusive DIS data [47]. In our
computations, we will take quark masses to be typically mu = md = 0.005 GeV, ms = 0.095 GeV, mc = 1.3 GeV and
mb = 4.5 GeV. We will discuss later the e↵ects of varying the parameters on model to data comparisons.

Evaluating the full CGC formula for the single inclusive photon cross-section as a function of photon transverse
momenta k�? and rapidity ⌘� in Eq. (3) involves performing 10-dimensional integrations while the simpler k?-
factorized approximation in Eq. (9) involves 8-dimensional integrations. Such multidimensional integrations are most
e�ciently performed by employing the VEGAS Monte Carlo (MC) algorithm. For the k?-factorized integral, 108

points were used to sample the approximate distribution of the integrand, until convergence with a significance of
� = 0.3 was obtained. For the CGC calculations, we used the same algorithm but sampled the integrand with 109

points. As a numerical check of our computation, we confirmed that in the small k�? limit the NLO result reproduces
the soft photon theorem–see Eqs. (B.7)-(B.11) in Ref. [16].

At low to moderate k�?, the full-CGC computation of the inclusive photon cross section based on (3) breaks
k?-factorization. This is also the case for inclusive quark production, as shown previously [48]. Our results for k?-
factorization breaking are shown in Fig. 1, where we plot the ratio of the full CGC inclusive photon cross-section to
the k?-factorized cross-section at

p
s = 7 TeV and R = 0.4. The results are plotted for central and forward photon

rapidities, for individual flavor contributions, and for the net sum over flavors. The breaking of k?-factorization is
greater for forward rapidities and for decreasing quark mass, with negligible breaking of k?-factorization observed for
the heaviest flavor. Quantitatively, the breaking is maximally ⇠ 10% breaking at the lowest k�?, approaching unity
for k�? & 20 GeV. As suggested by the discussion in [49], when k�? is small, the quark-antiquark pair are more likely
to both scatter o↵ the gluon shockwave in the target; the k?-factorized configuration, where multiple scattering of
both the quark and antiquark does not occur, is therefore suppressed. As also suggested by Fig. 1, the reverse is true
at large k�?.

Next, to illustrate the importance of the NLO (gg ! qq̄�) channel quantitatively relative to the LO (qg ! q�)
channel, we plot in Fig. 2 the NLO / (NLO+LO) fraction as a function of k�?. The left panel shows the collision

10% difference

10% enhancement by saturation (not suppression!)
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Similar enhancement also in quark-antiquark
The dependence of the ratio of the exact result to the k⊥-factorized result,

as a function of P⊥ and M , is nicely seen in the 3d plot of fig. 6. At any fixed

ratio of pair Xsec, exact/fact, Qs
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Figure 6: Ratio of the pair cross-section of the full result to the k⊥-factorization
result as a function of P⊥ and M .

M , for large P⊥, the exact cross-section and the k⊥-factorized approximation
become identical. (See also the left plot of figure 5.) This is because, in this
limit, the quark and the anti-quark become collinear with each of them having
a very large transverse momentum. The quark-antiquark pair then scatters off
the medium as a gluon would; as in the latter case, this leads to k⊥ factorization.

On the contrary, we observe in the right plot of figure 5 (fixed P⊥ and
large M), the exact cross-section and the k⊥-factorized approximation are not
identical if the fixed value of the transverse momentum of the pair, P⊥, is of
the order of Qs or smaller. This is because any pair configuration with a small
total P⊥ is very sensitive to rescatterings; even a small number of additional
rescatterings, regardless of the pair invariant mass, may significantly change the
transverse momentum of the pair.

Turning now to fixed invariant mass and smaller transverse momentum
P⊥ ! Qs, we note (see left panel of fig. 5) a qualitative change in the behav-
ior of the cross-section due to multiple scattering, high parton density effects.
In the k⊥-factorized approximation, the pair cross-section shows a bump at
P⊥ ∼ Qs. Further it is suppressed relative to the exact result for P⊥ ≤ Qs.
This suppression occurs because k⊥-factorization requires that only the quark
or the anti-quark – and not both – scatters off the nucleus. The typical trans-
verse momentum taken from the (dilute) proton is rather small; the transverse
momentum of the pair is therefore approximately equal to the transverse mo-
mentum exchanged during these scatterings on the nucleus–of order Qs. Thus,
in the k⊥-factorized approximation, the pair is less likely to have a total mo-
mentum P⊥ smaller than Qs. In contrast, in the exact expression within the
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Enhancement attributed  
to more phase space
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Figure 4: Contributions for the amplitude with at most one Wilson line in the fundamental representation, either Ũ or Ũ†.

Following the same procedure as the one for (R1), one finds the amplitude contribution (R2) for the photon
emitted from the antiquark to be

M
µ
R2(p, q,k�) = �

qfeg
2

P 2

Z

k1?

Z

x?

⇢
a
p(k1?)

k2
1?

ei(P?�k1?)·x? ū(q)
n⇥

U(x?)� 1
⇤ba

/CU (P,k1?)

+
⇥
V (x?)� 1

⇤ba
/CV,reg(P )

o
/p+ /k� �m

(p+ k�)2 �m2
�
µ
t
b
v(p) .

(18)

It will be shown in the next subsection that the singular contributions will cancel the terms with the Wilson
line V –the final expression has no dependence on V .

Diagrams with one insertion of the e↵ective vertex on the quark propagator can have one Wilson line Ũ

or Ũ
† in the fundamental representation, as shown in Fig. 4, for the quark [diagrams (3)-(5)] and likewise

for the antiquark [diagrams (6)-(8)]. In the following steps we will treat them separately for convenience.
As in the case of the amplitudes (1) and (2), the amplitude (3) in Fig. 4 will have a regular field insertion.
However, now in addition we must insert the e↵ective nuclear vertex (11) for the multiple gluon scatterings.
We should integrate over nuclear momentum transfer k2 to obtain,

M
µ
3 (p, q,k�) =

Z
d4k2
(2⇡)4

ū(q)(�iqfe�
µ)S0(q+k�)T (k2, q+k�)S0(q+k��k2)(�ig /AR(P �k2) · t) v(p) . (19)

We then integrate over k
+
2 and k

�
2 . This integration is trivial for k

+
2 since T (q + k� , k2) contains �(k+2 ).

Only the proton field part Aµ
p of the regular field gives a finite contribution. In this part, the k�2 integration

is also trivial because A
µ
p contains �(P�

� k
�
2 ). We shall now demonstrate that the integration over the

remaining part of Aµ
R vanishes by the residue theorem. The singularities in k

�
2 of the regular field and the

8
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Figure 5: Regular contributions for the amplitude with two Wilson lines in the fundamental representation.

where the total Dirac structure is combined as

T
µ
q (k1?) ⌘

5X

�=3

R
µ
�(k1?) , T

µ
q̄ (k1?) ⌘

8X

�=6

R
µ
�(k1?) . (26)

In the first term in (25), we introduced a dummy integration over y? and k?. In the second term in (25),
we renamed x? ! y? and further, introduced a dummy integration over x? and k?.

Let us now consider the case where there are two insertions of the e↵ective vertex on the quark propagator.
The contribution corresponding to a photon emission between two insertions of the e↵ective vanishes for
the same kinematic reasons as previously – the pole integration yields a null contribution. Thus the only
non-zero contributions come from diagrams where one insertion is on the quark line and the other on the
anti-quark line. There are four such contributions, which are listed as diagrams (9)–(12) in Fig. 5.

All of these diagrams are computed with the same logic as previously. As an example, we focus on
diagram (9). The corresponding amplitude can be written as

M
µ
9 (p, q,k�) =

Z
d4k

(2⇡)4
d4k1
(2⇡)4

ū(q)(�iqfe�
µ)S0(q + k�)T (k, q + k�)S0(q + k� � k)

⇥ (�ig /AR(k1) · t)S0(q + k� � k � k1)T (q + k� � k � k1,�p)v(p) .

(27)

As for the case with only one e↵ective vertex, and for the same reasons articulated there, only the proton
piece A

µ
p of the regular field A

µ
R contributes. The integrals over k

+, k+1 and k
�
1 can be performed thanks

to the �-functions in the two e↵ective vertices T and in A
µ
p , respectively. The remaining integration over

k
� can be evaluated by the method of residues. As in the case of the one e↵ective vertex insertion, the

gluon scattering vertices (Cµ
U and C

µ
V ) are kinematically forbidden by the pole integration. Performing

similar steps for the remaining diagrams (10)–(12), the amplitude of the sum of the diagrams (9)–(12) can

10

Dropped
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LO + NLO (Bremsstrahlung)
(full-CGC) 10-dimensional numerical integration 
(kT-factorized) 8-dimensional numerical integration

Quark PDF CTEQ6M

Gluon PDF

kT-factorization reduces different PDFs to the same

MV + rcBK matched to CTEQ6M

K-factor K = 2.4 (cf. K = 2.5 for D-meson production)

(small-x evol. but DGLAP not considered yet…)
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FIG. 3. Comparison to the CMS pp photon data at
p
s = 2.76 TeV [27]. The central line is obtained by multiplying our

numerical results with a K-factor K = 2.4. Here, and in subsequent plots, the band represents a 15% a systematic uncertainty
of our calculation. See text for discussion.

FIG. 4. Comparison to the ATLAS and CMS pp photon data at
p
s = 7 TeV [29, 30] across several rapidity bins. The central

lines are obtained by multiplying our numerical results with a K-factor K = 2.4.

In summary, we have quantified the dominant contributions to inclusive photon production at LO and NLO. We
found that the contribution of the NLO channel is significantly larger than the LO at central rapidities at the LHC.
This is because for k�?  50 GeV, the results are sensitive to small-x values in the proton that have high gluon
occupancy. We showed further that coherent rescattering contributions in the CGC that break k?-factorization are
of the order of 10%. The k?-factorized framework gives good agreement with the CMS and ATLAS data, within
the systematic uncertainties discussed above. Future publications will extend the analysis presented here to make
predictions for p+A collisions and high multiplicity p+p and p+A collisions. Prior studies have only considered
LO contributions to inclusive photon production. Another important avenue where progress is required is in the
computation of higher order e↵ects which formally are NNLO in this approach but are essential to quantify running
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In summary, we have quantified the dominant contributions to inclusive photon production at LO and NLO. We
found that the contribution of the NLO channel is significantly larger than the LO at central rapidities at the LHC.
This is because for k�?  50 GeV, the results are sensitive to small-x values in the proton that have high gluon
occupancy. We showed further that coherent rescattering contributions in the CGC that break k?-factorization are
of the order of 10%. The k?-factorized framework gives good agreement with the CMS and ATLAS data, within
the systematic uncertainties discussed above. Future publications will extend the analysis presented here to make
predictions for p+A collisions and high multiplicity p+p and p+A collisions. Prior studies have only considered
LO contributions to inclusive photon production. Another important avenue where progress is required is in the
computation of higher order e↵ects which formally are NNLO in this approach but are essential to quantify running

Benic-Fukushima-Garcia-Montero-Venugopalan (2018)

Photons in pp at LHC

Maybe okay, but maybe DGLAP corrections…
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Benic-Fukushima-Garcia-Montero-Venugopalan (2018)

Photons in pp at LHC
6

FIG. 4. Numerical results for the p+p photon data at
p
s = 7 TeV across several rapidity bins. The central lines are obtained

by multiplying our numerical results with a K-factor of K = 2.4. The data point is from the ATLAS experiment [31].

to higher order contributions in QCD evolution and in the matrix elements, there are uncertainties in the extraction
of the transverse area S?. Though S? is constrained from the matching to parton distributions at large x, there
can easily be 50% uncertainties in the overall cross-section that are absorbed by the extraction of the K-factor from
comparison of the computed cross-sections to data. Until we can quantify the sources contributing to this K-factor
separately, we should understand these sources of uncertainty as being “bundled” together in the value extracted.

We should note further that there are other sources of uncertainty. We previously mentioned the 1/N2
c corrections

in using the BK truncation of the JIMWLK hierarchy. In practice, these are significantly smaller, specially so in the
regime where k?-factorization is applicable. Another source of systematic uncertainty are the values of the quark
masses. Varying the quark masses in the ranges mu,d = 0.003� 0.007 GeV, ms = 0.095� 0.15 GeV, mc = 1.3� 1.5
GeV and mb = 4.2 � 4.5 GeV, we observed that the cross section for 10GeV < k�? < 50GeV varies by 5 � 10%
for the light u, d, and s quarks, while the heavier c and b quarks have small variations of order 0� 5%. There is an
overall degree of uncertainty in performing the Monte Carlo integrals, which is quantified by the error estimate of
the VEGAS algorithm. This error estimate for the k?-factorized inclusive cross-section is the range of 0� 5% for all
flavors. Based on these sources of uncertainty, we have included a systematic error band of 15% in comparisons to
data.

In Fig. 4 (Fig. 5), we show the numerical results for the inclusive photon cross section based on Eqs. (1) and (3) at
7 TeV (13 TeV) integrating over several ⌘� ranges up to |⌘k� | < 2.5. In particular, we are covering the mid-rapidity
region that can be measured by the LHC experiments. The particular rapidity ranges shown are those where ATLAS
and CMS data exist presently at higher values of k�?. These data sets are for the CMS p+p data at 2.76 TeV [28]
and at 7 TeV [30] for values k�? � 20 GeV. The ATLAS p+p data set is given for 7 TeV, where one data point
exists below k�? = 20 GeV. We have chosen the central value of this lowest lying ATLAS point in order to normalize
our results and found that the required K-factor is K = 2.4. Interestingly, this is very close to the K-factor of 2.5
extracted in computations of D-meson production in this dilute-dense CGC framework [26]. We have not shown a
comparison to data above k�? = 20 GeV because the contribution of logs in k? begin to dominate significantly over
logs in x around these values of k�?; the systematic treatment of these is beyond the scope of the present computation.

We have presented in this work an important first step towards constraining the proton UGDs at small-x from
inclusive photon production at the LHC. We can summarize our results as follows. We have quantified for the first
time the dominant contributions to inclusive photon production at LO and NLO. We found that the contribution of
the NLO channel is significantly larger than the LO at central rapidities at the LHC. This is because at LHC energies
the results are sensitive to small-x values in the proton that have high gluon occupancy. We showed further that
coherent rescattering contributions in the CGC that break k?-factorization are at most about 10% in the low k�?
region and negligible beyond k�? ' 20 GeV. We have provided several numerical results for the inclusive isolated
photon cross section that can be tested at the LHC. Future publications will extend the analysis presented here to
make predictions for p+A collisions and high multiplicity p+p and p+A collisions, and examine as well their sensitivity

Enhancement here could signal gluon saturation
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Fig. 1. Nuclear modification factor RpA for isolated photon production. Left: RHIC energy
p

s = 200GeV, Right: LHC energyp
s = 8TeV. The isolation cuts are R = 0.4 (solid line) and R = 0.1 (dashed line) Plots from [1].

All of the processes studied here can be understood in terms of an eikonal picture. Here the scattering
process depends on the light-like Wilson line of the color field of the target nucleus, which is the eikonal
scattering amplitude of the colored probe. In fact gauge invariant cross sections depend on color singlet
operators made out of these Wilson lines, the most common being the color dipole

N (|xT � yT |) = 1 �
*

1
Nc

Tr V†(xT )V(yT )
+
. (1)

For small dipoles N(r) ! 0, a phenomenon known as color transparency. For large dipoles, on the other
hand, N(r) ! 1. Thus somewhere in between there is a typical correlation length of the Wilson lines,
denoted by 1/Qs. The corresponding momentum scale Qs, marking the transition from a dilute high mo-
mentum regime to one dominated by nonlinearities, is known as the saturation scale.

Here we obtain N(r) from the “MVe” parametrization of Ref. [2]. Here the dipole amplitude for a proton
target at the initial momentum fraction x0 = 0.01 is parametrized in terms of 3 parameters. It is then evolved
to lower momentum fractions x using a leading order running coupling Balitsky-Kovchegov (BK) evolution
equation. The free parameters are determined by inclusive HERA DIS cross sections and extended from
proton to nuclear targets using an optical Glauber framework. Thus no additional parameters apart from
standard Woods-Saxon geometry are required to describe nuclei.

2. Photon production at forward rapidity

In this framework photons are produced in the following way. A quark (which at forward rapidity comes
from the high-x part of the probe and can thus be described by conventional collinear parton distributions)
passes through the color field of the target nucleus, picking up a Wilson line factor. Either before or after the
collision, it can emit a real or virtual photon. The cross section for this process, expressed in terms of the
same dipole amplitude (1) that we fit to DIS data was derived in Ref. [3]. It contains additional divergences
when the photon becomes collinear with the outgoing quark, which we regulated with an isolation cutp

(y� � yq)2 + (�� � �q)2 > R.
The result for the nuclear modification factor is shown in Fig. 1 for both RHIC and LHC energies.

In these results we can distinguish two e↵ects. Firstly, already at RHIC energies photon production is sup-
pressed at transverse momenta that are small compared to the saturation scale of the target. This suppression
can be undestood as a clear indication of gluon saturation; the existence of a characteristic transverse mo-
mentum scale that is higher for nuclei than for protons. Secondly, when going to LHC energies one moves
to much smaller values of the momentum fraction x. In this regime the nuclear suppression extends to much
higher values of the photon transverse momentum. This is an e↵ect of the high energy (BK) evolution which
leads to a modification known as geometric scaling in the gluon distribution of the target; we will discuss
this e↵ect further below.

cf. Lappi et al’s result

Qualitatively consistent…
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All of the processes studied here can be understood in terms of an eikonal picture. Here the scattering
process depends on the light-like Wilson line of the color field of the target nucleus, which is the eikonal
scattering amplitude of the colored probe. In fact gauge invariant cross sections depend on color singlet
operators made out of these Wilson lines, the most common being the color dipole
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For small dipoles N(r) ! 0, a phenomenon known as color transparency. For large dipoles, on the other
hand, N(r) ! 1. Thus somewhere in between there is a typical correlation length of the Wilson lines,
denoted by 1/Qs. The corresponding momentum scale Qs, marking the transition from a dilute high mo-
mentum regime to one dominated by nonlinearities, is known as the saturation scale.

Here we obtain N(r) from the “MVe” parametrization of Ref. [2]. Here the dipole amplitude for a proton
target at the initial momentum fraction x0 = 0.01 is parametrized in terms of 3 parameters. It is then evolved
to lower momentum fractions x using a leading order running coupling Balitsky-Kovchegov (BK) evolution
equation. The free parameters are determined by inclusive HERA DIS cross sections and extended from
proton to nuclear targets using an optical Glauber framework. Thus no additional parameters apart from
standard Woods-Saxon geometry are required to describe nuclei.

2. Photon production at forward rapidity

In this framework photons are produced in the following way. A quark (which at forward rapidity comes
from the high-x part of the probe and can thus be described by conventional collinear parton distributions)
passes through the color field of the target nucleus, picking up a Wilson line factor. Either before or after the
collision, it can emit a real or virtual photon. The cross section for this process, expressed in terms of the
same dipole amplitude (1) that we fit to DIS data was derived in Ref. [3]. It contains additional divergences
when the photon becomes collinear with the outgoing quark, which we regulated with an isolation cutp

(y� � yq)2 + (�� � �q)2 > R.
The result for the nuclear modification factor is shown in Fig. 1 for both RHIC and LHC energies.

In these results we can distinguish two e↵ects. Firstly, already at RHIC energies photon production is sup-
pressed at transverse momenta that are small compared to the saturation scale of the target. This suppression
can be undestood as a clear indication of gluon saturation; the existence of a characteristic transverse mo-
mentum scale that is higher for nuclei than for protons. Secondly, when going to LHC energies one moves
to much smaller values of the momentum fraction x. In this regime the nuclear suppression extends to much
higher values of the photon transverse momentum. This is an e↵ect of the high energy (BK) evolution which
leads to a modification known as geometric scaling in the gluon distribution of the target; we will discuss
this e↵ect further below.

cf. Lappi et al’s result
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Figure 8: Nuclear modification factor RpPb for isolated, prompt photons as a function of photon transverse energy E�
T ,

shown for di�erent centre-of-mass pseudorapidity, ⌘⇤, regions in each panel. The data are identical in each row, but
show comparisons with the expectations based on J������ with the EPPS16 nuclear PDF set (top) [24], with the
nCTEQ15 nuclear PDF set (middle) [25], and with an initial-state energy-loss calculation (bottom) [4, 5, 26]. In
all plots, the yellow bands and vertical bars correspond to total systematic and statistical uncertainties in the data
respectively. In the top and middle panels, the red and purple bands correspond to the systematic uncertainties in the
theoretical calculations. The green box (at the far right) represents the combined 2.4% p+Pb and 1.9% pp luminosity
uncertainties.

14

CGC not (yet?) seen…
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Figure 10. Left: Collision geometry seen from the above. Right: Profile of the
produced magnetic field as a function of time.

4. Strong Magnetic Field and Dimensional Reduction

In the heavy-ion collision with a finite impact parameter (i.e. peripheral collision) a

magnetic field is created by the positively charged ions moving at almost the speed of

light. Let us evaluate how large magnetic field is expected in the collision at the RHIC

energy in a classical manner. For simplicity we assume that the (positively charged)

heavy ions are point charges [147]. The collision geometry is schematically modelled as

in the left of figure 10. Then, from the Liénard-Wiechert potential, the magnetic fields

at the origin reads

eB(x, t) =
Ze2

4π
· bβ(1− β2)ey

[(βt)2 + (1− β2)(b/2)2]3/2
= eB0

ey

[1 + (t/t0)2]3/2
, (54)

eB0 =
8Zαe

b2
sinh(Y ) = (47.6 MeV)2

(1fm
b

)2

Z sinh(Y ) ,

t0 =
b

2 sinh(Y )
.

In the definition of B0 and t0 we use the beam rapidity Y instead of the velocity β,

which is related by β = tanh(Y ). Here, B0 is the maximum strength of the magnetic

field and t0 gives a typical time scale of decaying field. In the case of Au-Au collision

at the RHIC energy, these parameters are

Z = 79 , sinh(Y ) ≃ cosh(Y ) =

√
sNN

mN
≃ 106.6 . (55)

The point-charge approximation is valid when the collision is far peripheral. So, let us

take b = 10 fm [147]. Then, this simple estimate leads to

eB0 ≃ 1.9× 105 MeV2 = 3.2× 1019gauss , t0 ≃ 0.05 fm/c . (56)

This magnetic field strength is 104 times larger than the surface magnetic field of the

magnetar, and 107 times larger than that of the ordinary neutron star. Although such a

strong field is transient and decays with the time scale t0, we note that the decay is not

as steep as exponential damp but power-law suppression. At t/t0 ∼ 2 ∼ 0.1 fm/c, for

example, the magnetic field diminishes to a tenth of B0. We note that this time scale is

of order of Q−1
s where Qs is the saturation scale at RHIC [148, 149, 150]. Although there
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4. Strong Magnetic Field and Dimensional Reduction

In the heavy-ion collision with a finite impact parameter (i.e. peripheral collision) a

magnetic field is created by the positively charged ions moving at almost the speed of

light. Let us evaluate how large magnetic field is expected in the collision at the RHIC

energy in a classical manner. For simplicity we assume that the (positively charged)

heavy ions are point charges [147]. The collision geometry is schematically modelled as

in the left of figure 10. Then, from the Liénard-Wiechert potential, the magnetic fields

at the origin reads
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In the definition of B0 and t0 we use the beam rapidity Y instead of the velocity β,

which is related by β = tanh(Y ). Here, B0 is the maximum strength of the magnetic

field and t0 gives a typical time scale of decaying field. In the case of Au-Au collision

at the RHIC energy, these parameters are

Z = 79 , sinh(Y ) ≃ cosh(Y ) =

√
sNN
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≃ 106.6 . (55)

The point-charge approximation is valid when the collision is far peripheral. So, let us

take b = 10 fm [147]. Then, this simple estimate leads to

eB0 ≃ 1.9× 105 MeV2 = 3.2× 1019gauss , t0 ≃ 0.05 fm/c . (56)

This magnetic field strength is 104 times larger than the surface magnetic field of the

magnetar, and 107 times larger than that of the ordinary neutron star. Although such a

strong field is transient and decays with the time scale t0, we note that the decay is not

as steep as exponential damp but power-law suppression. At t/t0 ∼ 2 ∼ 0.1 fm/c, for

example, the magnetic field diminishes to a tenth of B0. We note that this time scale is

of order of Q−1
s where Qs is the saturation scale at RHIC [148, 149, 150]. Although there

comparable to 1/Qs
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4. Strong Magnetic Field and Dimensional Reduction

In the heavy-ion collision with a finite impact parameter (i.e. peripheral collision) a

magnetic field is created by the positively charged ions moving at almost the speed of

light. Let us evaluate how large magnetic field is expected in the collision at the RHIC

energy in a classical manner. For simplicity we assume that the (positively charged)

heavy ions are point charges [147]. The collision geometry is schematically modelled as

in the left of figure 10. Then, from the Liénard-Wiechert potential, the magnetic fields

at the origin reads
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In the definition of B0 and t0 we use the beam rapidity Y instead of the velocity β,

which is related by β = tanh(Y ). Here, B0 is the maximum strength of the magnetic

field and t0 gives a typical time scale of decaying field. In the case of Au-Au collision

at the RHIC energy, these parameters are

Z = 79 , sinh(Y ) ≃ cosh(Y ) =

√
sNN

mN
≃ 106.6 . (55)

The point-charge approximation is valid when the collision is far peripheral. So, let us

take b = 10 fm [147]. Then, this simple estimate leads to

eB0 ≃ 1.9× 105 MeV2 = 3.2× 1019gauss , t0 ≃ 0.05 fm/c . (56)

This magnetic field strength is 104 times larger than the surface magnetic field of the

magnetar, and 107 times larger than that of the ordinary neutron star. Although such a

strong field is transient and decays with the time scale t0, we note that the decay is not

as steep as exponential damp but power-law suppression. At t/t0 ∼ 2 ∼ 0.1 fm/c, for

example, the magnetic field diminishes to a tenth of B0. We note that this time scale is

of order of Q−1
s where Qs is the saturation scale at RHIC [148, 149, 150]. Although there

Spatial uniformity would  
be a good approximation.  
Supplying an energy ~ Qs

Evolution to the Quark-Gluon Plasma 10

Figure 2. Schematic illustration of the glasma initial condition for the heavy-
ion collision. Longitudinal color electric and magnetic fields stretch between two
nucleus sheets forming a structure with color flux tubes. Figure is taken from
[21].

where E
i and E

⌘ are the transverse and the longitudinal components of the classical

color electric fields. It is quite intuitive that Ai is just a linear superposition of ↵(1)
i and

↵(2)
i , while E

⌘ appears from the non-Abelian character and there is no counterpart
in QED. With this initial condition (9), we should solve the Yang-Mills Hamilton
equations in the Bjorken coordinates:

@⌧E
i =

1

⌧
D⌘F⌘i + ⌧DjFji , @⌧E

⌘ =
1

⌧
DjFj⌘ , (10)

with the canonical conjugate momenta defined ordinarily by

E
i = ⌧@⌧Ai , E

⌘ =
1

⌧
@⌧A⌘ . (11)

We should note that E⌘ has a correct mass dimension of the electric field but E i does
not. In physical terms E

i/⌧ should be interpreted as the genuine transverse electric
field which also goes to zero in the ⌧ ! 0+ limit. Using Ai in (9) we can readily
calculate the initial color magnetic field as

B
i = 0 , B

⌘ = F12 = �ig
⇣⇥

↵(1)
1 ,↵(2)

2

⇤
+

⇥
↵(2)
1 ,↵(1)

2

⇤⌘
(12)

using the fact that ↵(n)
i is a pure gauge and so its field strength is vanishing. Although

the combinations of indices for initial E⌘ in (9) and initial B⌘ in (12) are slightly
di↵erent, the squared expectation values turn out to be identical after taking the
color average with the Gaussian weight as defined in (6). These identical hE⌘

E
⌘
i and

hB
⌘
B
⌘
i lead us to a very suggestive profile of the initial condition for the heavy-ion

collision as illustrated in figure 2.
The evolving color fields starting with the initial condition in (9) are the

foundation of the “glasma” (named in [22] though its physics was known traced back
to the Lund string model) which is a transient state between the color glass condensate
and the quark-gluon plasma – glasma as a coined word from them. The most essential
property associated with the glasma initial condition is, as sketched in figure 2, the
presence of longitudinal color electric and magnetic fields with boost invariance (i.e.
⌘ independence), which may be a source for rapidity correlation (ridge structure) [23]
and also local parity violation [24]. Because Qs is the universal scale, each color flux
tube is expected to be localized in a domain whose transverse extent is ⇠ Q�1

s . In
the MV model, however, it is very di�cult to see such a structure by eyes. Recently
the correlation length possibly related to the flux tube structure has been numerically

CGC Background

Supplying a momentum ~ Qs

Real Photon Emission
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This should be a very interesting calculation —

People ask: what is expected from time-dependent B ?

CGC photon significantly affected by strong B !?  
(Sizable photon v2 can be expected…)

But, needless to say, straightforward calculation  
would be technically difficult (but feasible…)



June 22, 2019 @ Sophia

Idea

!31

Anomaly induced photon is easily estimated
Fukushima-Mameda (2012)

3

The current from the usual chiral Lagrangian Lχ at the
lowest order results in

jµχ = −i
ef2

π

4
tr
[(
Σµ − Σ̃µ

)
τ3
]

≃ e
(
π−i∂µπ+ − π+i∂µπ−)+ · · · ,

(9)

which represents the electric current carried by the flow
of charged pions, π±, which is clear from the expanded
expression. There appears no term involving ∂µθ in this
part. More non-trivial and interesting is the current as-
sociated with the WZW terms, leading to

jµWZW = −Nctr(Q)

32π2
ϵµνρσ

{
2ie2tr

[
(Σν + Σ̃ν)τ3

]
∂ρAσ

+ e2tr
[
∂ρ(Σν + Σ̃ν)τ3

]
Aσ − 2e

3
tr(ΣνΣρΣσ)

}
, (10)

The physical meaning of this current will be transparent
in the expanded form using U ∼ 1+iπ ·τ/fπ+ · · · . Then
we find that the first term in Eq. (10) is written as,

jµWZW =
Nctr(Q)e2

8π2fπ
ϵµνρσ(∂νπ

0)Fρσ . (11)

The second term in Eq. (10) is vanishing and the last
term represents a topological current purely from the en-
tanglement of all π0 and π±. The physics implication of
Eq. (11) has been discussed with the π0-domain wall [9]
and the pion profile in the Skyrmion [27]. Finally we can
reproduce the CME current from the contact interaction
as

jµP =
Nc e2 tr(Q2)

4Nf π2
ϵµνρσ(∂νAρ) ∂σθ . (12)

We can rewrite the above expression in a more familiar
form using µ5 = ∂0θ/(2Nf) and Bi = ϵijk∂jAk to reach,

jP =
Nc e2 tr(Q2)

2π2
µ5B . (13)

It should be noted that ϵ0123 = +1 in our convention.
This derivation of the CME is quite suggestive on its

own and worth several remarks.
First, it is known that the contact term LP is not

renormalization-group invariant [25]. This means that
LP and thus jP are scale dependent like the running cou-
pling constant. It is often said that jP is an exact result
from the quantum anomaly, but it may be a little mis-
leading. The functional form itself could be protected
(though there is no rigourous proof) but B and µ5 in
Eq. (13) should be renormalized ones. Indeed it has been
pointed out that interaction vertices in the (axial) vector
channels result in the dielectric correction to B [28]. The
knowledge on the chiral Lagrangian strongly supports the
results of Ref. [28].
Second, to find Eq. (13), we do not need quark degrees

of freedom explicitly but only hadronic variables. This
is naturally so because the idea of the WZW action is to

!"

B
#

LPV

FIG. 1. Schematic figure for the single photon production as
a consequence of the axial anomaly and the external mag-
netic field. The angular distribution of the emitted photons
is proportional to (q2z + q2x)/(q

2
x + q2y + q3z) where qy is in the

direction parallel to B and qz and qx perpendicular to B.

capture the anomalous effects from the ultraviolet regime
in terms of infrared variables. It is clear from the above
derivation, therefore, that the CME occurs without mass-
less quarks in the quark-gluon plasma. (See also Ref. [29]
for another derivations of the CME without referring to
quarks explicitly.) Then, a conceptual confusion might
arise; what really flows that contributes to an electric
current in the hadronic phase? One may have thought
that it is π±, but such a current is rather given by jµχ ,
and the CME current jµP originates from the contact part
that is decoupled from U . The same question is applied
to Eq. (11) if the system has a π0 condensation.

In a sense these currents associated with the θ(x) or
π0(x) backgrounds are reminiscent of the Josephson cur-
rent in superconductivity. Suppose that we have a π0

condensate, then such a coherent state behaves like a
macroscopic wave-function of π0 field. Then, a micro-
scopic current inside of the wave-function π0 could be a
macroscopic current in the whole system since the wave-
function spreads over the whole system. In the case of
the CME, θ(x) or η0(x) plays the same role as π0(x). In
this way, strictly speaking, it is a high-momentum com-
ponent of quarks and anti-quarks in the wave-function of
π0 or η0 that really flow to make a current, though these
quarks do not have to get deconfined.

This sort of confusing interpretation of the CME cur-
rent arises from the assumption that θ(x) and B(x) are
spatially homogeneous. Once this assumption is relaxed,
as we discuss in what follows, an interesting new possi-
bility opens, which may be more relevant to experiments.

From now on, let us revisit Eq. (7) from a different
point of view. If we literally interpret Eq. (7) as usual in
the quantum field theory, it should describe a vertex of
the processes involving two photons and the θ field such
as θ → γγ and θ+B → γ in the magnetic field. The lat-
ter process can be viewed as the reverse of the Primakoff
effect involving the θ(x) background instead of neutral
mesons. It is a very intriguing question how much pho-
ton can be produced from this reverse Primakoff effect.
For this purpose we shall decompose the vector potential
into the background Āµ (corresponding to B) and the
fluctuation Aµ (corresponding to photon). Then, Eq. (7)

4

turns into

LP =
Nc e2 tr(Q2)

8Nf π2
ϵµνρσ

[
Aµ(∂νAρ)+AµF̄νρ

]
∂σθ , (14)

where the first term represents the two-photon produc-
tion process θ → γγ similar to π0 → γγ, and the sec-
ond represents the reverse Primakoff effect (θ + B → γ)
involving the background field strength F̄µν = ∂µĀν −
∂νĀµ. Here we are interested only in the situation that
the background field is so strong that we can neglect the
contribution from the first term.
Even when |eB| ∼ ΛQCD in the heavy-ion collision,

we can still utilize the perturbative expansion in terms
of the electromagnetic coupling constant. In the leading
order, from the LSZ reduction formula, the S-matrix ele-
ment for the single-photon production with the momen-
tum q = (|q|, q) and the polarization ε(i)(q) is deduced
immediately from the vertex (14),

iM(i; q) = ⟨ε(i)(q)|Ω⟩ = i
Nc e2 tr(Q2)

8Nf π2
√
(2π)32q0

× ϵµνρσε(i)µ(q)

∫
d4x e−iq·xF̄νρ(x) ∂σθ(x) ,

(15)

where q0 = |q|. This expression becomes very simple
when the background field has only the magnetic field in
the y direction, i.e.B = F̄zx and the rest is just vanishing.
Thus, we have,

ϵµνρσε(i)µ(q)

∫
d4x e−iq·xF̄νρ(x) ∂σθ(x)

= −2ε(i)y(q)

∫
d4x e−iq·xB(x) ∂0θ(x) ,

(16)

and replacing ∂0θ by the chiral chemical potential µ5 by
µ5 = ∂0θ/(2Nf) and using

∑
i ε

(i)j(q) ε(i)k(q) = δjk −
qjqk/q2 with q2 = q2x + q2y + q2z , we can finally arrive at

q0
dNγ

d3q
= q0

∑

i

|M(i; q)|2

=
1− (qy)2/q2

2(2π)3

(
Nc e2 tr(Q2)

2π2

∫
d4x e−iq·xB(x)µ5(x)

)2

=
q2z + q2x
2(2π)3q2

· 25αe ζ(q)

9π3
, (17)

where we used Nc = 3 and tr(Q2) = 5/9 for the two-
flavor case in the last line and αe ≡ e2/(4π) ≃ 1/137 is
the fine structure constant. In the above we defined,

ζ(q) ≡
∣∣∣∣
∫

d4x e−iq·xeB(x)µ5(x)

∣∣∣∣
2

. (18)

It is quite interesting to see that the final expression is
proportional to the momenta q2z + q2x which are perpen-
dicular to the B direction. This could be another source
for the elliptic flow v2 of the direct photon in a similar
mechanism as pointed out in Ref. [19].

Because there is no reliable model to predict µ5(x),
it is difficult to calculate ζ(q) as a function of the mo-
mentum. For a first attempt, therefore, let us make a
qualitative order estimate. The strength of the mag-
netic field is as large as Λ2

QCD or even bigger at initial
time. A natural scale for µ5 is also given by ΛQCD,
or if the origin of the LPV is the color flux-tube struc-
ture in the Glasma [21], the typical scale is the satu-
ration momentum Qs ∼ 2 GeV for the RHIC energy.
The space-time integration picks up the volume factor
∼ τ20A⊥ with τ0 being the life time of the magnetic field,
i.e. τ0 ≃ 0.01 ∼ 0.1 fm/c, and A⊥ the transverse area
∼ 150 fm2 for the Au-Au collision. Then, ζ ≃ 0.1 ∼ 103,
where the smallest estimate for τ0 = 0.01 fm/c and
µ5 ∼ ΛQCD and the largest one for τ0 = 0.1 fm/c
and µ5 ∼ Qs. Then, the photon yield is expected
to be q0(dNγ/d3q) ≃ (10−7 ∼ 10−3)GeV−2. This is
of detectable level of the photon yield as compared to
the conventional photon production from the thermal
medium [30]. If the backreactions to sustain B work
efficiently, the relevant time scale τ0 may be replaced by
the life time of the plasma. Then, the photon contribu-
tion from the reverse Primakoff effect would be enhanced
and appreciable even at the LHC energy.

We also remark about a hard scale such as Qs in
the above estimate. We postulated that the interaction
vertex (14) makes sense also in the ultraviolet regime
since the CME current (13) is kept unchanged through
renormalization, which extends the validity of Eq. (14)
to ultraviolet scales. It would be a non-trivial question
whether or how the anomaly matching between the ul-
traviolet and infrared degrees of freedom could be real-
ized, including a formalism based on the vector domi-
nance [11], which is beyond our current scope.

One may think that not only the polarization but also
ζ(q) has strong asymmetry because of the presence of B.
The typical domain size of the LPV should be, however,
much smaller than the impact factor b ∼ a few fm at least,
and thus the asymmetry effect turns out only negligible.
In reality, depending on the spatial position, there are
not only By, but Bx and Bz and also the electric fields
Ex, Ey, and Ez. We are now performing full numerical
calculations including all those fields and the LPV based
on the Glasma flux-tube picture, which will be reported
in a future publication.

In summary, we have formulated the CME in terms
of the chiral Lagrangian with the WZW terms, which
provides us with the physics picture to understand the
CME in the hadronic phase. We derived the current of
the CME correctly from the contact term that is not RG
invariant. We established how the CME could be realized
through η0(x) as a result of the DCC in the iso-singlet
channel. Then, the key observation in view of the chiral
Lagrangian is that the vertex responsible for the CME
also describes the single photon production. We have
given the expression for the photon yield to find that
its angular distribution is asymmetric with the direction
perpendicular to B more preferred. We made a qualita-

Primakoff effect
Chiral magnetic effect

If B and q are space-time dependent, A can be a real photon.
The form of the WZW action is fixed by the anomaly.



June 22, 2019 @ Sophia

Idea

!32

Anomaly induced photon is easily estimated
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where we used Nc = 3 and tr(Q2) = 5/9 for the two-
flavor case in the last line and αe ≡ e2/(4π) ≃ 1/137 is
the fine structure constant. In the above we defined,
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It is quite interesting to see that the final expression is
proportional to the momenta q2z + q2x which are perpen-
dicular to the B direction. This could be another source
for the elliptic flow v2 of the direct photon in a similar
mechanism as pointed out in Ref. [19].

Because there is no reliable model to predict µ5(x),
it is difficult to calculate ζ(q) as a function of the mo-
mentum. For a first attempt, therefore, let us make a
qualitative order estimate. The strength of the mag-
netic field is as large as Λ2

QCD or even bigger at initial
time. A natural scale for µ5 is also given by ΛQCD,
or if the origin of the LPV is the color flux-tube struc-
ture in the Glasma [21], the typical scale is the satu-
ration momentum Qs ∼ 2 GeV for the RHIC energy.
The space-time integration picks up the volume factor
∼ τ20A⊥ with τ0 being the life time of the magnetic field,
i.e. τ0 ≃ 0.01 ∼ 0.1 fm/c, and A⊥ the transverse area
∼ 150 fm2 for the Au-Au collision. Then, ζ ≃ 0.1 ∼ 103,
where the smallest estimate for τ0 = 0.01 fm/c and
µ5 ∼ ΛQCD and the largest one for τ0 = 0.1 fm/c
and µ5 ∼ Qs. Then, the photon yield is expected
to be q0(dNγ/d3q) ≃ (10−7 ∼ 10−3)GeV−2. This is
of detectable level of the photon yield as compared to
the conventional photon production from the thermal
medium [30]. If the backreactions to sustain B work
efficiently, the relevant time scale τ0 may be replaced by
the life time of the plasma. Then, the photon contribu-
tion from the reverse Primakoff effect would be enhanced
and appreciable even at the LHC energy.

We also remark about a hard scale such as Qs in
the above estimate. We postulated that the interaction
vertex (14) makes sense also in the ultraviolet regime
since the CME current (13) is kept unchanged through
renormalization, which extends the validity of Eq. (14)
to ultraviolet scales. It would be a non-trivial question
whether or how the anomaly matching between the ul-
traviolet and infrared degrees of freedom could be real-
ized, including a formalism based on the vector domi-
nance [11], which is beyond our current scope.

One may think that not only the polarization but also
ζ(q) has strong asymmetry because of the presence of B.
The typical domain size of the LPV should be, however,
much smaller than the impact factor b ∼ a few fm at least,
and thus the asymmetry effect turns out only negligible.
In reality, depending on the spatial position, there are
not only By, but Bx and Bz and also the electric fields
Ex, Ey, and Ez. We are now performing full numerical
calculations including all those fields and the LPV based
on the Glasma flux-tube picture, which will be reported
in a future publication.

In summary, we have formulated the CME in terms
of the chiral Lagrangian with the WZW terms, which
provides us with the physics picture to understand the
CME in the hadronic phase. We derived the current of
the CME correctly from the contact term that is not RG
invariant. We established how the CME could be realized
through η0(x) as a result of the DCC in the iso-singlet
channel. Then, the key observation in view of the chiral
Lagrangian is that the vertex responsible for the CME
also describes the single photon production. We have
given the expression for the photon yield to find that
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Chiral chemical potential represents LPV, which is  
caused by initial Glasma fluxes.
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Time-evolution of chiral charge can be given by

n5(t) = Nf
g2

16⇡2

Z t

0
dt tr[G̃µ⌫Gµ⌫ ]

<latexit sha1_base64="wNXv6S0nwKkGQgPmMnuV8hFpXQc="></latexit>

for massless quarks

Evolution to the Quark-Gluon Plasma 10

Figure 2. Schematic illustration of the glasma initial condition for the heavy-
ion collision. Longitudinal color electric and magnetic fields stretch between two
nucleus sheets forming a structure with color flux tubes. Figure is taken from
[21].

where E
i and E

⌘ are the transverse and the longitudinal components of the classical

color electric fields. It is quite intuitive that Ai is just a linear superposition of ↵(1)
i and

↵(2)
i , while E

⌘ appears from the non-Abelian character and there is no counterpart
in QED. With this initial condition (9), we should solve the Yang-Mills Hamilton
equations in the Bjorken coordinates:

@⌧E
i =

1

⌧
D⌘F⌘i + ⌧DjFji , @⌧E

⌘ =
1

⌧
DjFj⌘ , (10)

with the canonical conjugate momenta defined ordinarily by

E
i = ⌧@⌧Ai , E

⌘ =
1

⌧
@⌧A⌘ . (11)

We should note that E⌘ has a correct mass dimension of the electric field but E i does
not. In physical terms E

i/⌧ should be interpreted as the genuine transverse electric
field which also goes to zero in the ⌧ ! 0+ limit. Using Ai in (9) we can readily
calculate the initial color magnetic field as

B
i = 0 , B

⌘ = F12 = �ig
⇣⇥

↵(1)
1 ,↵(2)

2

⇤
+

⇥
↵(2)
1 ,↵(1)

2

⇤⌘
(12)

using the fact that ↵(n)
i is a pure gauge and so its field strength is vanishing. Although

the combinations of indices for initial E⌘ in (9) and initial B⌘ in (12) are slightly
di↵erent, the squared expectation values turn out to be identical after taking the
color average with the Gaussian weight as defined in (6). These identical hE⌘

E
⌘
i and

hB
⌘
B
⌘
i lead us to a very suggestive profile of the initial condition for the heavy-ion

collision as illustrated in figure 2.
The evolving color fields starting with the initial condition in (9) are the

foundation of the “glasma” (named in [22] though its physics was known traced back
to the Lund string model) which is a transient state between the color glass condensate
and the quark-gluon plasma – glasma as a coined word from them. The most essential
property associated with the glasma initial condition is, as sketched in figure 2, the
presence of longitudinal color electric and magnetic fields with boost invariance (i.e.
⌘ independence), which may be a source for rapidity correlation (ridge structure) [23]
and also local parity violation [24]. Because Qs is the universal scale, each color flux
tube is expected to be localized in a domain whose transverse extent is ⇠ Q�1

s . In
the MV model, however, it is very di�cult to see such a structure by eyes. Recently
the correlation length possibly related to the flux tube structure has been numerically

E · B 6= 0
<latexit sha1_base64="GcALwGQzZdU5skTc+Xk+WhyvW58="></latexit>

This can be converted to chiral chemical potential.
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LPV : Implemented by the MV model

Magnetic Field : Approximated by Lienard-Wiechert

Photon : Estimated by the WZW coupling

Rapid decay of the magnetic field emits photon  
catalyzed with the CGC topological background.

Concrete results are coming soon!
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Summary

NLO+CGC completed 
□NLO enhanced over LO by saturated gluons 
□ Technical developments 

Applied to pp yields and RpA  
□ Enhancement of very soft (< 10GeV) photon 
□ RpA shows sizable suppression 

CGC+Magnetic Field as a major photon source 
□ Formulation already available 
□ Just a matter of time…
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