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同じ温度になる

物質の温度を変えると性質が変わる
例：氷，水，水蒸気
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真空とは何か？
真空も物質と同じように性質を変えるか？

真空



真空とは何か？
真空も物質と同じように性質を変えるか？

真空 ハドロンガス QGP

真空は何もない状態ではない．
場の量子論(QCD)の教え:  

クォークグルーオンプラズマになる
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The phase diagram of dense QCD 5
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Figure 1. Conjectured QCD phase diagram with boundaries that define various
states of QCD matter based on S�B patterns.

The chiral transition is a notion independent of the deconfinement transition. In
section 3.2 we classify the chiral transition according to the S�B pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the phase structure of QCD
matter including conjectures which are not fully established. At present, relatively firm
statements can be made only in limited cases – phase structure at finite T with small
baryon density (µB ⌧ T ) and that at asymptotically high density (µB � ⇤QCD).
Below we will take a closer look at figure 1 from a smaller to larger value of µB in
order.

Hadron-quark phase transition at µB = 0: The QCD phase transition at finite
temperature with zero chemical potential has been studied extensively in the numerical
simulation on the lattice. Results depend on the number of colours and flavours as
expected from the analysis of e↵ective theories on the basis of the renormalization
group together with the universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the finite size scaling analysis
on the lattice [37], and the critical temperature is found to be Tc ' 270MeV. For
Nf > 0 light flavours it is appropriate to address more on the chiral phase transition.
Recent analyses on the basis of the staggered fermion and Wilson fermion indicate a
crossover from the hadronic phase to the quark-gluon plasma for realistic u, d and s

quark masses [38, 39]. The pseudo-critical temperature Tpc, which characterizes the
crossover location, is likely to be within the range 150MeV� 200MeV as summarized
in section 4.2.

Even for the temperature above Tpc the system may be strongly correlated and
show non-perturbative phenomena such as the existence of hadronic modes or pre-
formed hadrons in the quark-gluon plasma at µB = 0 [28, 40] as well as at µB 6= 0
[41, 42, 43]. Similar phenomena can be seen in other strong coupling systems such as
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化学ポテンシャル
　　　　　

ハドロン相

カラー超伝導

クォークグルオンプラズマ

QCDの相図

物質と同じ様に
QCDも多彩な相を持つと考えられる



量子色力学(QCD) 
 の基礎



基礎理論:量子色力学
クォーク，グルーオンが自由度陽子 中性子

クォーク

グルーオン
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du

d

SU(3)ゲージ理論

QCDのラグランジアン
L =  ̄j(�

µ(i@µ + gtajiA
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QED QCD
電子

量子電磁気学(QED)と 
量子色力学(QCD)は似ている
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QED QCD
電子

量子電磁気学(QED)と 
量子色力学(QCD)は似ている

クォーク物質粒子
スピン1/2

電荷1種類 カラー電荷３種類

光子 グルーオンゲージ粒子

スピン1

電荷なし 電荷８種類



QED QCD

量子電磁気学(QED)と 
量子色力学(QCD)は大分違う

電荷� は物理量Q カラー電荷� は物理量でないQa

電磁場は物理量 カラー電磁場は物理量でない
E, B Ea, Ba

色を持った状態は観測されない



QEDとQCDの違い
ゲージ粒子が電荷を持っている

QED:遠くに離れると

弱くなる

QCD:近づくと 
弱くなる(漸近的自由性)

注:イメージ図
遮蔽 反遮蔽
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電荷のエネルギー変化

↵s =
g2

4⇡

結合定数

グロス ポリツァー ウィルチェック

ノーベル賞2004

近距離



QEDとQCDの違い
QED:クーロンポテンシャル QCD:閉じ込めポテンシャル
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QEDとQCDの違い
QED:クーロンポテンシャル QCD:閉じ込めポテンシャル
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クォーク単体では取り出せない
カラー電荷が閉じ込めら

du

d



素粒子の質量の起源:ヒッグス
クォークの質量4-6 MeV

強い力は物質の質量の起源



素粒子の質量の起源:ヒッグス
クォークの質量4-6 MeV

強い力は物質の質量の起源

物質の質量の起源
身の回りの物質の質量の99%はQCD起源

核子 ～ 940MeV

クォーク ～4-6MeVdu

d



自発的対称性の破れ

南部陽一郎
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自発的対称性の破れ

南部陽一郎

安定 安定

対称 対称

自発的対称性の破れが起きると質量ゼロの粒子が現れる
(南部ゴールドストンの定理)

QCDの場合はクォークが質量がない場合に持っている対称性
(カイラル対称性)が自発的に破れている．パイ中間子が軽い．



QCDの真空の性質まとめ

カイラル対称性が破れた相

閉じ込め相
クォーク，グルーオンは単体で取り出せない

パイ中間子が軽い!
MeV



●カラーの閉じ込め
●カイラル対称性の自発的破れ

QCD真空の特徴



クォークグルーオンプラズマ
とは何か？



プラズマ
「第4の物質の状態」

固体

気体

液体プラズマ

490 BC生まれ

四元素説
エンペドクレス

CC by-sa 
Lviatour



物質の場合
中性気体

電離



物質の場合
中性気体 プラズマ
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クォークグルーオンプラズマ
クォークとグルーオンのプラズマ状態

カイラル対称性が破れた相⇒回復した相
閉じ込め相⇒非閉じ込め相

人類が到達しうる唯一の‘真空の相転移’

しかし，QGPへの転移は普通のプラズマと同じように
クロスオーバー



相転移がないけど違う相？
例)気体と液体は同じ対称性でつながっている
1次相転移がある場合

1次相転移がなくても性質が違う

QGPを性質を特徴づける必要がある

2相を共存させた時，軽い方を気体，重い方を液体と呼んでいる．

気体: 粘性は温度が上がると上がる圧縮率が高い
液体: 圧縮率が低い 粘性は温度が上がると下がる



物質の特徴づけ

静的性質

動的性質

比熱，音速，圧縮率，など

粘性，伝導度，緩和時間, 輸送現象など



プラズマの特徴
デバイ遮蔽
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プラズマの特徴
デバイ遮蔽
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プラズマ振動(集団励起)
E = E0 cos!pt

プラズマ振動数!p

V (r) =
e�rmD

r
mD



プラズマの特徴
デバイ遮蔽
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E = E0 cos!pt

プラズマ振動数!p

V (r) =
e�rmD

r
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プラズマの特徴
デバイ遮蔽

など
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ランダウ減衰
プラズマ粒子による吸収

プラズマ振動(集団励起)
E = E0 cos!pt

プラズマ振動数!p

V (r) =
e�rmD

r
mD



プラズマの3条件

プラズマパラメータ:

システムサイズ:

プラズマ振動数
時間スケール:

プラズマらしくあるために
L � �D

t � 1/!P

デバイ長

⇤ � 1
�D

半径λDの球中の粒子の数

⇤ =
4⇡

3
�3
Dn ⇠ 4⇡

3
�3
Ds

= 1/mD



系に摂動を加える(線形応答)
どうやって性質を調べるか？
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これは重イオン実験では難しい
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系に摂動を加える(線形応答)

これは重イオン実験では難しい

系から出てくるものを観測する

レプトン対

光子

ジェット

重いクォーク

どうやって性質を調べるか？



どうやって性質を調べるか？

@µT
µ⌫ = 0

Tµ⌫ = (e+ p)uµu⌫ + p⌘µ⌫

:ずれ粘性

流体方程式

輸送係数
p(e) : 圧力とエネルギーの関係

:体積粘性⌘ ⇣

状態方程式

エネルギー密度 圧力 流速

�2⌘�µ⌫ � ⇣�µ⌫@↵u
↵

流体模型のパラメータから読み取る



理論的アプローチ
格子QCD 摂動論 AdS/CFT 有効模型

静的 ◯ ◯ ◯ ◯

動的 X ◯ ◯ ◯

利点 非摂動 計算 
しやすい

強結合 扱い易い

欠点 動的がものが
扱にくい

強結合が 
苦手

QCDでは 
ない

QCDでは 
ない



g ⇠ 2
↵S ⇠ 0.3

� = g2Nc ⇠ 12

重イオン実験で到達可能な温度は弱結合？強結合？
Laine, Schröder, hep-ph/0503061, 0603048

’t Hoof coupling

Gauge coupling



静的性質



QCD摂動計算:自由ガス

s = 4d
⇡2

90
T 3 = 4

p

T

e = 3d
⇡2

90
T 4 = 3p

p = d
⇡2

90
T 4圧力:

エントロピー:

エネルギー:

=

Z
d3k

(2⇡)3
Ekn(Ek)

d = 2(N2
c � 1) + 2⇥ 2NcNf ⇥ 7

8自由度
グルーオン クォーク

ヘリシティ スピン粒子反粒子カラー

カラー フレーバ
統計性

Stephan-Boltzmann 

p =
3

4
d
⇡2

90
T 4

cf. AdS/CFT



高次補正

Kajantie, Laine, Rummukainen, and Schröder (’03)Zhai and B. Kastening(’95)

Arnold and C. Zhai(’94)Toimela(’83)Kapusta(’79)Shuryak (’78), Chin(’78)

+(c�
5 ln g + c5)g5 + (c�

6 ln g)g6 +O(g6)
p/T 4 = c0 + c2g

2 + c3g
3 + (c04 ln g + c4)g

4

3

FIG. 1. Weak-coupling expansion for the scaled QCD pressure with Nf = 3. Shaded bands show the result of varying the
renormalization scale µ by a factor of 2 around µ = 2πT .

(QED) [12] and QCD [11, 12], respectively. The corresponding calculations to order g5 were obtained soon afterwards
[13–20]. Recent results have extended the calculation of the QCD free energy by determining the coefficient of the
g log g contribution [21]. For massless scalar theories the perturbative free energy is now known to order g6 [22] and
g8 log g [23].
Unfortunately, for all the above mentioned theories the resulting weak-coupling approximations, truncated order-

by-order in the coupling constant, are poorly convergent and show large dependence on the renormalization scale
unless the coupling constant is tiny which corresponds to astronomically high temperatures. In Fig. 1, we show the
weak-coupling expansion for the QCD pressure with Nf = 3 normalized to that of an ideal gas through order g5. The
various approximations oscillate wildly and show no signs of convergence in the temperature range shown which is
probed in the ongoing experiments. The bands are obtained by varying the renormalization scale µ by a factor of 2
around the value µ = 2πT and we use three-loop running for αs [24] with ΛMS(Nf = 3) = 344MeV [25]. In Fig. 2
we show the weak-coupling expansion for the QED pressure with Nf = 1 normalized to that of an ideal gas through
order e5, and we see clearly the same poor convergence pattern as the QCD case. Therefore this oscillating behavior
is not specific to QCD, but a generic feature for hot field theories which actually has been also observed in scalar
theories [10, 11, 13, 14, 22, 23]. Due to this subtlety, a straightforward perturbative expansion in powers of αs for
QCD does not seem to be of any quantitative use even at temperatures many orders of magnitude higher than those
achievable in heavy-ion collisions.
The poor convergence of finite-temperature perturbative expansions of thermodynamic functions stems from the fact

that at high temperature the classical solution is not described by massless particle states. Instead one must include
plasma effects such as the screening of electric fields and Landau damping via a self-consistent hard-thermal-loop
(HTL) resummation [26]. The inclusion of plasma effects can be achieved by reorganizing perturbation theory. There
are several ways of systematically reorganizing the finite-temperature perturbative expansion [27–29]. In this paper
we will focus on the hard-thermal-loop perturbation theory (HTLpt) method [30–41]. The HTLpt method is inspired
by variational perturbation theory (VPT) [42–49]. HTLpt is a gauge-invariant extension of screened perturbation
theory (SPT) [50–54], which is a perturbative reorganization for finite-temperature massless scalar field theory. In
the SPT approach, one introduces a single variational parameter which has a simple interpretation as a thermal
mass. In SPT a mass term is added to and subtracted from the scalar Lagrangian, with the added piece kept as
part of the free Lagrangian and the subtracted piece associated with the interactions. The mass parameter is then
required to satisfy either a variational or perturbative prescription. This naturally leads to the idea that one could
apply a similar technique to gauge theories by adding and subtracting a mass in the Lagrangian. However, in gauge
theories, one cannot simply add and subtract a local mass term since this would violate gauge invariance. Instead,
one adds and subtracts an HTL effective action which modifies the propagators and vertices selfconsistently so that
the reorganization is manifestly gauge invariant [55].

図: Su, 1204.0260
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FIG. 7. Comparison of LO, NLO, and NNLO predictions for the scaled pressure for pure-glue QCD with lattice data from
the Bielefeld collaboration [131] (left panel) and Nf = 3 QCD with Nf = 2 + 1 lattice data from the hotQCD [132] and
Wuppertal-Budapest [133] collaborations (right panel). Shaded bands show the result of varying the renormalization scale µ
by a factor of 2 around µ = 2πT for the NNLO result.

spacings corresponding to Nτ = 8 and Nτ = 10 [133], which were essentially on top of the Nτ = 6 measurement
[134].5 Using standard lattice techniques, the continuum-estimated pressure is computed from an integral of the trace
anomaly. The Nf = 2+1 lattice data from the hotQCD collaboration are their Nτ = 8 results using both the asqtad
and p4 actions [132]. The hotQCD results have not been continuum extrapolated and the error bars correspond to
only statistical errors and do not factor in the systematic error associated with the calculation which, for the pressure,
is estimated by the hotQCD collaboration to be between 5 - 10%. As can be seen from the right panel of Fig. 7,
the successive HTLpt approximations represent an improvement over the successive approximations coming from a
weak-coupling expansion; however, as in the pure-glue case in the left panel of Fig. 7, the NNLO result represents a
significant correction to the LO and NLO results. That being said, the NNLO HTLpt result agrees quite well with
the available lattice data down to temperatures on the order of 2Tc ∼ 340MeV for QCD with Nf = 3.6 Below these
temperatures the successive approximations give large corrections with the correction from NLO to NNLO reaching
100% near Tc.

3. T 4 scaled trace anomaly

In the left panel of Fig. 8 we show the NNLO HTLpt prediction for the trace anomaly of pure-glue QCD normalized
to T 4 as a function of T . The points are lattice data for pure-glue with Nc = 3 from the Wuppertal-Budapest
collaboration [135]. For temperatures below approximately 2Tc ∼ 500MeV, there is a large discrepancy between the
HTLpt prediction and lattice data. The discrepancy decreases as increasing temperature, and for temperatures above
approximately 4Tc ∼ 1000MeV, the NNLO HTLpt result is in good agreement with the lattice result.
In the right panel of Fig. 8 we show the NNLO HTLpt prediction for the trace anomaly of QCD with Nf = 3

normalized to T 4 as a function of T . The data from both the Wuppertal-Budapest collaboration and the hotQCD
collaboration are taken from the same data sets displayed in the right panel of Fig. 7 and described previously. In
the case of the hotQCD results we note that the results for the trace anomaly using the p4 action show large lattice
size affects at all temperatures shown and the asqtad results for the trace anomaly show large lattice size effects for
T ∼> 200MeV. We see very good agreement between the HTLpt prediction and the available lattice data down to
temperatures on the order of T ∼ 2Tc.

5 It is noted that the Wuppertal-Budapest group has published a few data points for the trace anomaly with Nτ = 12 and within statistical
error bars these are consistent with the published continuum estimated results.

6 The Wuppertal-Budapest and hotQCD data were obtained using a physical strange quark mass; however, HTLpt calculations use
massless quarks. The difference between massive and massless quarks is expected to be significant only for T <

∼
32MeV corresponding

to the temperature where the lowest fermionic Matsubara mode equals the strange quark mass.

State of the art

• Compare Lattice – 2PI

• J.-P. B., E. Iancu, A. Rebhan: Phys.Rev.D63:065003,2001

• F. Karsch, Nucl.Phys.A698:199-208,2002;

• G. Boyd et al., Nucl. Phys. B469, 419 (1996).

from J.-P. B., E. Iancu, A. Rebhan:

Nucl.Phys.A698:404-407,2002

pure-glue SU(3) Yang-Mills theory

Blaizot, Iancu, Rebhan(’03)
2PI形式 HTL摂動論

Andersen, Strickland, Su(’10)

改善された摂動論



格子QCD計算と改良された摂動論

約160MeV~1.6兆度で相転移 (1eV~ 1万度)

Bazavov, et al, Phys. Rev. D90 (2014) 094503  
9
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non-int. limit

Tc

Figure 5: Spline fits to the trace anomaly for several values of the lattice spacing aT = 1/N⌧ and the result of our continuum
extrapolation (left). Note that the error bands shown here do not include the 2% scale error. The right hand panel shows
suitably normalized pressure, energy density, and entropy density as a function of the temperature. In this case the 2% scale
error is included in the error bands. The dark lines show the prediction of the HRG model. The horizontal line at 95⇡2/60
in the right panel corresponds to the ideal gas limit for the energy density and the vertical band marks the crossover region,
Tc = (154± 9) MeV.

Figure 6: The comparison of the HISQ/tree and stout results
for the trace anomaly, the pressure, and the entropy density.

fixing cn = cd = 0 gives an excellent parametrization of
all our numerical data and is in good agreement with the
HRG estimate, at least down to T = 100 MeV. Further-
more, this parametrization agrees with the N⌧ = 8 data
well beyond T = 400 MeV.

The values of the parameters in our ansatz for the pres-
sure, Eq. (16), are summarized in Table II. The results
of this ansatz for the speed of sound, energy density, and
specific heat are compared with our continuum extrapo-
lated error bands in Figs. 7 and 8.

V. SPECIFIC HEAT, THE SPEED OF SOUND
AND DECONFINEMENT

All thermodynamic quantities, for fixed light and
strange quark masses, depend on a single parameter—
the temperature. In Section IV, we derived the basic
thermodynamic observables (✏, p, s) from the contin-
uum extrapolated trace anomaly ⇥µµ(T ). We now dis-
cuss two closely related observables that involve second
order derivatives of the QCD partition function with re-
spect to the temperature, i.e., the specific heat,

CV =
@✏

@T

����
V

⌘

✓
4

✏

T 4
+ T

@(✏/T 4)

@T

����
V

◆
T

3
, (17)

and the speed of sound,

c
2
s
=

@p

@✏
=

@p/@T

@✏/@T
=

s

CV

. (18)

The quantity Td(✏/T 4)/dT can be calculated directly
from the trace anomaly and its derivative with respect
to temperature,

T
d✏/T 4

dT
= 3

⇥µµ

T 4
+ T

d⇥µµ
/T

4

dT
. (19)

These identities show that the estimates for the specific
heat and the speed of sound should be of a quality similar
to ✏/T

4 or p/T
4. In Figs. 7 and 8, we show the agree-

ment between the bootstrap error bands for these quan-
tities and the estimates obtained by taking second or-
der derivatives of the analytic parameterization for p/T 4

given in Eq. 16. The latter are shown as dark lines inside
the bootstrap error bands.

weak-coupling approaches to see if the thermodynamics of
the quark gluon plasma can be indeed understood using the
weak-coupling expansion in the considered tempera-
ture range.

VI. CONCLUSIONS

We extended the previous calculation of the EoS with
HISQ action to higher temperatures. First, we extended the
calculation of the trace anomaly to higher temperatures using
lattice simulations at larger quark mass, ml ¼ ms=5. We
showed that the quark mass dependence of the trace anomaly
is negligible for T > 400 MeV given the statistical error.
Then using the results on the trace anomaly and the integral
method we calculated the pressure for Nτ ¼ 6, 8, 10 and 12.
We studied the cutoff (Nτ) dependence of the pressure and
performed the continuum extrapolation in the high temper-
ature limit. We pointed out that the cutoff dependence of
the pressure is dominated by the quark contribution and the
cutoff dependence of this contribution is very similar to the
cutoff dependence of QNS at high temperatures. We also
showed that using the known cutoff dependence of QNS it is
possible to correct for the cutoff effects in the pressure at
fixed Nτ. The corrected results for the pressure calculated
with HISQ action and p4 action for differentNτ agree within
errors and also agree with the continuum result. Thus, we
achieved a controlled continuum extrapolation of the pres-
sure at high temperatures. Finally, using Nτ ¼ 4 and 6
results on the trace anomaly we provided a continuum
estimate for the pressure that extends to temperatures as high
as T ¼ 2000 MeV. We compared this continuum estimate
with the weak-coupling calculations and found a reasonably
good agreement between the lattice and the weak-coupling
results.

ACKNOWLEDGMENTS

The simulations have been carried out on the computing
facilities of the Computational Center for Particle and
Astrophysics (C2PAP), SuperMUC and NERSC. We used
the publicly available MILC code to perform the numerical
simulations [28]. The data analysis was performed using the
R statistical package [29]. We thank F. Karsch for providing
the numerical values of the free quark pressure for finite Nτ.
We also thank M. Strickland and N. Haque for sending the
3-loop HTL results for the EoS. This work has been
supported in part by the U.S. Department of Energy through
grant Contract No. DE-SC0012704. J. H. Weber acknowl-
edges the support by theBundesministerium für Bildung und
Forschung (BMBF) under Grant No. “Verbundprojekt
05P2015—ALICE at High Rate (BMBF-FSP 202) GEM-
TPC Upgrade and Field theory based investigations of
ALICE physics” under Grant No. 05P15WOCA1.

APPENDIX A: ZERO TEMPERATURE
CALCULATIONS

For β ¼ 7.03 and 7.825 we generated a single stream of
MC evolution. For the highest three β values we generated
three streams of MC evolution called a, b and c; each of
these streams corresponds to a single value of topological
charge Q. The lengths of these streams for every value of β
are 1389, 1269 and 1269, respectively. The values of the
plaquette, rectangles, light and strange quark condensates
are given in Table III together with the values of Q. The
values of rectangles and plaquettes are the same within
errors for the streams with different Q. For the quark
condensate we see small, but in some cases statistically
significant differences. The difference in the value of the
light quark condensate is between 1% and 2%, while for the
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FIG. 8. The pressure (left) and the entropy density (right) in the high temperature region compared with the weak-coupling
calculations. The filled symbols correspond to the continuum results obtained from lattice calculations on Nτ ¼ 6, 8, 10 and 12 lattices.
The open symbols correspond to continuum estimate (see text). The errors of the continuum estimate have been enlarged by factor two
to indicate additional systematic errors that might be present. The red line and the band correspond to the three-loop HTL perturbation
theory [22], the blue band corresponds to the resummed calculation in next-to-leading log approximation (NLA) [23]. The width of the
bands correspond to the scale variation from μ ¼ πT to 4πT. Also shown is the weak-coupling result obtained in EQCD [10].
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e-3p

SðUÞ ¼ βSGðUÞ − SFðUÞ: ð4Þ

The temperature in physical units is set by the temporal
extent Nτ of the lattice and related to the lattice spacing a
as T ¼ 1=ðaNτÞ.
The trace of the energy-momentum tensor, also called

trace anomaly or the interaction measure, is related to the
pressure p as (see Ref. [22])

ΘμμðTÞ
T4

¼ ϵ − 3p
T4

¼ T
d
dT

!
p
T4

"
; ð5Þ

with ϵ denoting the energy density. ΘμμðTÞ can be defined
on the lattice as the total derivative of lnZ with respect to
the lattice spacing a:

Θμμ ¼ ϵ − 3p ¼ −
T
V
d lnZ
d ln a

: ð6Þ

The right-hand side of Eq. (6) is straightforward to evaluate
on the lattice and gives

ϵ − 3p
T4

≡ Θμμ
G ðTÞ
T4

þ Θμμ
F ðTÞ
T4

; ð7Þ

Θμμ
G ðTÞ
T4

¼ Rβ½hsGi0 − hsGiτ&N4
τ ; ð8Þ

Θμμ
F ðTÞ
T4

¼ −RβRm½2mlðhψ̄ψil;0 − hψ̄ψil;τÞ

þ msðhψ̄ψis;0 − hψ̄ψis;τÞ&N4
τ : ð9Þ

Here hsGiτð0Þ is the expectation value of the action density
for the gauge fields evaluated at finite (zero) temperature
and hψ̄ψilðsÞ;τð0Þ stands for the expectation values of light (l)
and strange (s) quark chiral condensates evaluated at finite
(zero) temperature. Subtracting the zero-temperature values
in the above expressions ensures that all thermodynamic
quantities are finite in the continuum limit. In Eq. (9), we
have used the single-flavor normalization for both the light
and strange quark condensates as in previous works
[5,22,23]. The nonperturbative beta function and mass
renormalization function are defined as [22,23]

RβðβÞ ¼
r1
a

!
dðr1=aÞ

dβ

"−1
; ð10Þ

RmðβÞ ¼
1

msðβÞ
dmsðβÞ
dβ

: ð11Þ

The determination of these functions is discussed in
Appendixes B–D. In the above equations, we explicitly
separated the contributions to the trace anomaly that come
from purely gluonic operators Θμμ

G ðTÞ and fermionic
operators Θμμ

F ðTÞ. Even though we refer to them as the
gluonic and fermionic parts, it would be misleading to

consider Θμμ
F ðTÞ as the quark contribution to the trace

anomaly. For example, for massless quarks Θμμ
F ðTÞ=T4 is

zero, while massless quarks certainly contribute to the trace
anomaly. At high temperatures, where the effect of nonzero
quark masses is expected to be small, the quark contribu-
tion almost exclusively comes from Θμμ

G ðTÞ. As we see
below, this expectation is confirmed by our numerical data.
The above separation of the trace anomaly into Θμμ

G ðTÞ and
Θμμ

F ðTÞ is, however, useful in the analysis of lattice data as
they are expected to be affected differently by the taste
symmetry breaking inherent in staggered fermions and
because the statistical errors are also different.
The pressure can be calculated using the integral method,

i.e., by inverting Eq. (5):

pðTÞ
T4

¼ p0

T4
0

þ
Z

T

T0

dT 0Θμμ

T 05 : ð12Þ

The choice of the reference temperature T0 and pressure
p0 is discussed in Sec. IV. All other thermodynamic
quantities, defined as appropriate derivatives of the parti-
tion function with respect to the temperature, can be
calculated from Eqs. (5) and (12) by using standard
thermodynamic identities.
Since the trace anomaly is the central quantity in the

lattice calculations of the EoS, we discuss its properties in
some detail. In Fig. 1, we compare results for the trace
anomaly obtained with the HISQ/tree action on lattices
with temporal extent Nτ ¼ 6, 8, 10, and 12 with our
previous findings using the p4 and asqtad actions
[22,23,42]. The cutoff effects are much smaller in the
HISQ/tree action and the height of the peak is significantly
reduced. Below the peak, the HISQ/tree data are larger than
the p4 and asqtad results but significantly smaller at
temperatures around and higher than the peak. These large
deviations reflect the fact that the asqtad and the p4 actions
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FIG. 1 (color online). The trace anomaly calculated with the
HISQ/tree action at different Nτ and compared with results from
previous calculations with the p4 and asqtad actions on Nτ ¼ 8
lattices [23], except for the two highest temperatures, where we
show the Nτ ¼ 6 p4 data from Refs. [42] and [22], respectively.
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second derivatives of p=T4 with respect to the temperature
to be discussed in the next section,

p
T4

¼ 1

2
ð1 þ tanhðctðt̄ − t0ÞÞÞ

·
pid þ an=t̄ þ bn=t̄2 þ cn=t̄3 þ dn=t̄4

1 þ ad=t̄ þ bd=t̄2 þ cd=t̄3 þ dd=t̄4
; ð16Þ

where t̄ ¼ T=Tc and the QCD transition temperature Tc ¼
154 MeV is a conveniently chosen normalization. In this
parametrization, pid ¼ 95π2=180 is the ideal gas value of
p=T4 for massless three-flavor QCD. It is also the appro-
priate infinite temperature limiting value for QCD with
light and strange quarks that could be refined to include
additional perturbative corrections. However, at present we
do not see any need for this. We also note that fixing cn ¼
cd ¼ 0 gives an excellent parametrization of all our
numerical data and is in good agreement with the HRG
estimate, at least down to T ¼ 100 MeV. Furthermore,
this parametrization agrees with the Nτ ¼ 8 data well
beyond T ¼ 400 MeV.
The values of the parameters in our ansatz for the

pressure, Eq. (16), are summarized in Table II. The results
of this ansatz for the speed of sound, energy density, and
specific heat are compared with our continuum extrapo-
lated error bands in Figs. 7 and 8.

V. SPECIFIC HEAT, THE SPEED OF SOUND
AND DECONFINEMENT

All thermodynamic quantities, for fixed light and strange
quark masses, depend on a single parameter—the temper-
ature. In Section IV, we derived the basic thermodynamic
observables ðϵ; p; sÞ from the continuum extrapolated trace
anomaly ΘμμðTÞ. We now discuss two closely related
observables that involve second order derivatives of the
QCD partition function with respect to the temperature, i.e.,
the specific heat,

CV ¼ ∂ϵ
∂T

!!!!
V
≡

"
4
ϵ
T4

þ T
∂ðϵ=T4Þ

∂T
!!!!
V

#
T3; ð17Þ

and the speed of sound,

TABLE II. Parameters used in the ansatz given in Eq. (16) for
the pressure of (2 þ 1)-flavor QCD in the temperature interval
T ∈ ½100 MeV; 400 MeV&.

ct an bn cn dn

3.8706 −8.7704 3.9200 0 0.3419
t0 ad bd cd dd
0.9761 −1.2600 0.8425 0 −0.0475

FIG. 7 (color online). The speed of sound squared from lattice
QCD and the HRG model versus temperature (top) and energy
density (bottom). In the upper figure, our results (HISQ) are
compared with those obtained with the stout action [26]. The
vertical band marks the location of the crossover region Tc ¼
ð154 ' 9Þ MeV in the upper figure and the corresponding range
in energy density, ϵc ¼ ð0.18–0.5Þ GeV=fm3, in the lower figure.
The dark line within each error band is the prediction of the
analytical parameterization given in Eq. (16).

FIG. 6 (color online). The comparison of the HISQ/tree and
stout results for the trace anomaly, the pressure, and the entropy
density.
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c2s ¼
∂p
∂ϵ ¼ ∂p=∂T

∂ϵ=∂T ¼ s
CV

: ð18Þ

The quantity Tdðϵ=T4Þ=dT can be calculated directly
from the trace anomaly and its derivative with respect to
temperature,

T
dϵ=T4

dT
¼ 3

Θμμ

T4
þ T

dΘμμ=T4

dT
: ð19Þ

These identities show that the estimates for the specific heat
and the speed of sound should be of a quality similar to
ϵ=T4 or p=T4. In Figs. 7 and 8, we show the agreement
between the bootstrap error bands for these quantities and
the estimates obtained by taking second order derivatives of
the analytic parameterization for p=T4 given in Eq. (16).
The latter are shown as dark lines inside the bootstrap
error bands.

A. Speed of Sound, the Softest Point of the EoS
and the Critical Energy Density

In Fig. 7 (top), we show the speed of sound as a function
of the temperature and compare our results with those
obtained by using the stout action [26]. We find that
the HISQ/tree and the stout results agree within the
estimated errors. The softest point of the EoS [51] at
T ≃ ð145–150Þ MeV, i.e., at the minimum of the speed of
sound, lies on the low temperature side of the crossover
region. At this point, the speed of sound is only slightly
below the corresponding HRG value. This follows from the
good agreement between HRG estimates and our lattice
QCD results for the energy density and the pressure.
Furthermore, the value c2s ≃ 0.15 is roughly half way
between zero, the value expected at a second-order phase

transition with diverging specific heat,3 and the value for
an ideal massless gas, c2s ¼ 1=3. At the high temperature
end, T ∼ 350 MeV, it reaches within 10% of the ideal
gas value.
The softest point of the EoS is of interest in the

phenomenology of heavy ion collisions as it characterizes
the temperature and energy density range in which the
expansion and cooling of matter slows down. The system
spends a longer time in this temperature range, and one
expects to observe characteristic signatures from this
regime. To facilitate a more direct comparison with
experiments, we show c2s as a function of the energy
density in physical units in Fig. 7 (bottom) using the
parametrization given in Eq. (16) to convert temperature
to energy density. At the softest point, the energy density
is only slightly above that of normal nuclear matter,
ϵnuclear ¼ 150 MeV=fm3. In the crossover region, Tc ¼
ð154 % 9Þ MeV [5], the energy density varies from
180 MeV=fm3 at the lower edge to 500 MeV=fm3 at the
upper edge, slightly above the energy density inside the
proton ϵproton ¼ 450 MeV=fm3.
The QCD crossover region, thus, starts at or close to the

softest point of the EoS and the entire crossover region
corresponds to relatively small values of the energy density,
ð1.2–3.1Þϵnuclear. This value is about a factor of four smaller
than that of an ideal quark-gluon gas in this temperature
range. In the next subsection, we discuss to what extent this
has consequences for the size of fluctuations in the energy
density, i.e., the specific heat.

B. Specific Heat and Deconfinement

The intuitive characterization of deconfinement at the
QCD phase transition is that the liberation of many new
degrees of freedom give rise to a rapid increase in the
energy density, ideally with an infinite slope at Tc as in a
conventional second-order phase transition. This rapid rise
would then show up as a peak (or even a divergence) in
the specific heat, which could serve as an indicator for
the pseudo-critical (or critical) temperature. However, the
specific heat of (2 þ 1)-flavor QCD, shown in Fig. 8,
exhibits a rapid increase but no peak. In the crossover
region, CV=ϵ≃ 8=T is a factor of two larger than for an
ideal quark-gluon gas; the specific heat reaches about half
of its ideal gas value, ðCV=T3Þideal ¼ 4ðϵ=T4Þideal ¼
95π2=15, and the energy density reaches only about one
quarter of its limiting high-temperature, ideal gas value.
The analysis of the quark-mass dependence of the QCD

transition temperature, the chiral condensate, and in par-
ticular, the peak in the chiral susceptibility suggest that for
physical values of the quark masses QCD is sufficiently
close to the chiral limit to be sensitive to the chiral phase

FIG. 8 (color online). Error bands showing the continuum
extrapolation of the specific heat and energy density and solid
lines obtained from the parametrization given in Eq. (16). Also
shown are the HRG estimates at low temperatures and the ideal
gas limit at high temperatures.

3In the case of QCD the specific heat and therefore also the
speed of sound stays finite even at a second-order phase transition
in the chiral limit.
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LQCD Thermodynamics with Physical Quark Masses 12

The two results also di↵er in the treatment of the continuum extrapolation and the estimate of systematic errors.
The Wuppertal-Budapest continuum extrapolations are performed on lattices with N⌧=6, 8, and 10 with N⌧=12
included for three values of the temperature. Above 350 MeV, only the N⌧=6 and 8 were used. The continuum
extrapolation is performed on spline fits to the data, and the extrapolation is quadratic in the lattice spacing.

Continuum extrapolations for the HISQ/tree action were performed on lattices with N⌧=8, 10, and 12 using
simultaneous quadratic fit to splines in which the spline knot locations were included in the overall minimization
procedure. The uncertainties were estimated by fitting 20k samples in which the lattice calculations were allowed
to vary within normal errors. The match to the hadron resonance gas was achieved by sampling the HRG value at
130 MeV allowing for 10% variation in the value and fixed slope at that point. Both collaborations have produced
parameterizations of their EoS calculations for insertion into hydrodynamics models of heavy ion collisions.

(ε-3p)/T4

p/T4

s/4T3
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FIG. 10: Continuum extrapolation of the interaction measure, energy density and pressure for the HISQ/tree and stout
actions (left), and the corresponding speed of sound for HISQ/tree and stout compared to the Hadron Resonance Gas at low
temperatures.

Final results for the stout and HISQ/tree action trace anomaly, energy density, and pressure are shown in the left
panel of Figure 10. The right panel shows the square of the speed of sound and a comparison to the HRG calculation
at low temperature. The equation of state is an essential input for accurate modeling of heavy ion collisions with
hydrodynamic simulations. The equation of state is used to convert the initial Glauber or glasma density profile to an
initial temperature or entropy profile [52]. Thereafter only the speed of sound enters into the hydrodynamic calculation.
Before lattice calculations were able to provide smooth parameterizations to the modeling community, an over-reliance
on simple formulas, such as the bag model equation of state with first order phase transition added to the challenge
of correctly modeling the space-time distributions at freeze-out, as measured by femtoscopic correlations [53, 54]. It
was only through the simultaneous adoption of a lattice-inspired EoS and second order viscous terms that provided
the modeling community with the tools needed to successfully model the evolution of a heavy ion collision [55].

The question at this time is whether current uncertainties are su�cient for current and future modeling needs, or
whether additional refinements are needed (at significant computational expense). The answer to this question is not
yet rigorously known, and depends upon current multiparameter sensitivity studies that are just beginning [56–58] .
The prevailing consensus is that current uncertainties in the lattice EoS are su�cient and that further refinements will
not greatly elucidate the dominant uncertainty in the understanding and parameterization of the initial conditions.
A more rigorous determination of the uncertainties needed in the lattice EoS is expected within the next few years.

D. Fluctuations, Freeze-out, and Finite Baryon Density

As noted, lattice QCD studies have firmly established that at high temperatures and zero baryon chemical potential
normal hadronic matter turns into a QGP through a smooth, but rapid crossover. However, based on various
theoretical studies it is generally believed that at large baryon densities and small temperatures the transition from
hadronic to QGP matter takes place via a first order phase transition. The conjectured point in the temperature–
baryon chemical potential phase diagram of QCD, at which this first order transition line meets the crossover region is
known as the QCD critical (end) point [59, 60]. The QCD critical point is a unique point in the QCD phase diagram
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Figure 4. Continuum values of the static Q̄Q free energy at di↵erent temperatures. Note that the
curves seem to tend to the same curve as r ! 0, corresponding to the expectation that UV physics
is temperature independent.

procedure of the screening masses let us first illustrate some simple relations, with the

raw lattice data of the electric and magnetic correlators. First CE�(r, T ) ⌧ CM+(r, T ) as

r ! 1, or equivalently, that the electric screening mass is larger than the magnetic one.

This can be seen on Figure 5. The next observation is that the screening masses in both

channels are approximately proportional to the temperature. This can be seen on Figure

6. Both of these facts are expected to hold at high temperatures, but these lattice results

suggest that they hold at lower temperatures as well.

Next, we turn to the actual determination of the screening masses. So far there has

been one determination of electric and magnetic screening masses on the lattice using

the non-perturbative definition given by ref. [32]. That study used 2 flavours of Wilson

fermions with a somewhat heavy pion, and did not attempt a continuum extrapolation [31].

Since the masses are expected to be proportional to the temperature, the natural

distance unit in this problem is rT , so we give limits on the range of the fits in these units.

For the correct determination of the screening masses, special care is needed in the choice

of the fit interval. To find the proper minimum rT value of the fits, we use hypothesis

testing, similar to that in Ref. [39]. If the fits are good, than the value of �2, defined as:

�2 =
X

i,j

(Cfit
i � Cdata

i )C�1
ij (Cfit

j � Cdata
j ), (4.1)

should have a �2 distribution, with the appropriate degrees of freedom. Here Cij is the
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μl;I . No apparent change of either quantity can be appre-
ciated, hence no dependence of the strength as a function
of μB.
Of course, that does not exclude the presence of a critical

endpoint at real μB: the critical region could be small
enough, or the endpoint location far enough from μB ¼ 0,
so that no influence is visible for small, imaginary μB. For
instance, for μs ¼ 0, a Roberge-Weiss [47] like endpoint is
expected along the pseudocritical line at imaginary chemi-
cal potential, for μl;I=ðπTÞ ∼ 0.45 [29]. Figure 6 shows that
also this endpoint has no apparent influence on the strength
of the transition in the explored range.

D. Inclusion of μs ≠ 0 and systematics
of analytic continuation

We have extended results for Nt ¼ 8 presented in
Ref. [29], performing numerical simulations for a larger
range of imaginary chemical potentials, which include also
the case μs ¼ μl. That enables us to answer two important
questions. What is the systematic error, in the determination
of κ by analytic continuation, related to the truncation of the
Taylor series in Eq. (17) and to the chosen range of
chemical potentials? What is the impact of our effective
ignorance about the actual value of μs corresponding to the
thermal equilibrium conditions? We are going to discuss in
detail only the determination of the pseudocritical temper-
ature from the renormalized chiral susceptibility, however
we stress that similar conclusions are reached when one
considers the renormalized chiral condensate. The corre-
sponding pseudocritical temperatures, taken from Table I,
are reported in Fig. 7 for μs ¼ 0 and for μs ¼ μl.
We first tried a quadratic fit in μl;I: remembering the

definition θl ¼ μl;I=T, we used

TcðθlÞ ¼ Tcð0Þð1þ 9κθ2l Þ ð19Þ

and several fits have been performed by changing each time
the maximum value μðmaxÞ

l;I included in the fit. Reasonable
best fits are obtained in all cases, apart from the fit to the
whole μs ¼ μl range, which yields a reduced ~χ2 ∼ 2.4 and
indicates the need for quartic corrections in this case.
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FIG. 5 (color online). Critical lines obtained by using the
continuum extrapolated renormalized chiral susceptibility and
the continuum extrapolated chiral condensates.

TABLE III. Continuum extrapolated critical temperatures for
the various μl;I values.

μl;I=ðπTÞ Tcð̄ψψð1ÞÞ Tcð̄ψψð2ÞÞ TcðχrÞ

0.00 154.7(8) 156.5(8) 154.4(8)
0.20 163.9(8) 165.0(7) 161.0(1.1)
0.24 166.9(9) 168.5(7) 165.8(1.0)
0.275 169.7(8) 170.8(7) 167.3(1.1)
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μl;I . No apparent change of either quantity can be appre-
ciated, hence no dependence of the strength as a function
of μB.
Of course, that does not exclude the presence of a critical

endpoint at real μB: the critical region could be small
enough, or the endpoint location far enough from μB ¼ 0,
so that no influence is visible for small, imaginary μB. For
instance, for μs ¼ 0, a Roberge-Weiss [47] like endpoint is
expected along the pseudocritical line at imaginary chemi-
cal potential, for μl;I=ðπTÞ ∼ 0.45 [29]. Figure 6 shows that
also this endpoint has no apparent influence on the strength
of the transition in the explored range.

D. Inclusion of μs ≠ 0 and systematics
of analytic continuation

We have extended results for Nt ¼ 8 presented in
Ref. [29], performing numerical simulations for a larger
range of imaginary chemical potentials, which include also
the case μs ¼ μl. That enables us to answer two important
questions. What is the systematic error, in the determination
of κ by analytic continuation, related to the truncation of the
Taylor series in Eq. (17) and to the chosen range of
chemical potentials? What is the impact of our effective
ignorance about the actual value of μs corresponding to the
thermal equilibrium conditions? We are going to discuss in
detail only the determination of the pseudocritical temper-
ature from the renormalized chiral susceptibility, however
we stress that similar conclusions are reached when one
considers the renormalized chiral condensate. The corre-
sponding pseudocritical temperatures, taken from Table I,
are reported in Fig. 7 for μs ¼ 0 and for μs ¼ μl.
We first tried a quadratic fit in μl;I: remembering the

definition θl ¼ μl;I=T, we used

TcðθlÞ ¼ Tcð0Þð1þ 9κθ2l Þ ð19Þ

and several fits have been performed by changing each time
the maximum value μðmaxÞ

l;I included in the fit. Reasonable
best fits are obtained in all cases, apart from the fit to the
whole μs ¼ μl range, which yields a reduced ~χ2 ∼ 2.4 and
indicates the need for quartic corrections in this case.
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TABLE III. Continuum extrapolated critical temperatures for
the various μl;I values.
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  MeVTc ≃ 155転移温度は
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輸送係数の典型的振る舞い

液体: さがる
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相互作用が輸送に効く 運動エネルギーが輸送に効く
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FIG. 5: The ratio ⌘/s in gluodynamics for various temperatures. The circle blue points correspond to the results obtained
within fitting procedure and the square red points correspond to the BG method. We also plot the previous lattice results
obtained by A. Nakamura, S. Sakai in [14] (the yellow star point), by H.Meyer in [15] (the black hexagonal points) and by
S. Mages, S. Borsnyi, Z. Fodor, A. Schfer, K. Szab in [17] (the green cross point). In addition we plot the result of N = 4 SYM
theory at strong coupling ⌘/s = 1/4⇡ [6] (black solid line), the result of perturbative calculation of the ⌘ [8] (red region) and
the result obtained by N. Christiansen, M. Haas, J.M. Pawlowski, N. Strodtho↵ in paper [12] (violet curve).

region !̄a 2 (1.5, 3). This interval is chosen since the contribution of the infrared part of the spectral function is
this region is small and the ratios ⇢̄(!̄)/f2(!̄) for all temperatures are in the ultraviolet regime. The values of the
constants A determined in this way are in agreement with that obtained within fitting procedure.

In addition to the constant A the ultraviolet part (21) depends on the threshold parameters !0. Thus, if one
subtracts the ultraviolet contribution in the form (21), the ratio ⌘/s obtained within the BG method will depend on
the value of !0. To study this dependence in Fig. 4 we plot the ratio ⌘/s as a function of !0 for the temperatures
T/Tc = 0.9, 0.925, 0.95, 1.0, 1.1, 1.5. The curves for the temperatures T/Tc = 1.2, 1.35 are very close to the curve at
T/Tc = 1.5. For this reason we do not show these temperatures on the figure. The parameter A is taken at the central
value of the fit of lattice data by the function ⇢3(!) (see Table I). From Fig. 4 one sees that the larger the temperature
the larger the slope of the curves and the weaker the dependence of the ⌘/s on !0. The dependence of the ⌘/s on !0

is weak for the temperatures T/Tc > 1.0 and it is stronger for the T/Tc < 1.0. The strongest dependence of the ⌘/s
on !0 is for the temperature T/Tc = 0.9. We believe that this property stems from the already mentioned fact: shear
viscosity of gluodynamics drops with temperature and the extraction of viscosity from the observable which contains
large ultraviolet contribution becomes more and more complicated for lower temperatures.

Unfortunately it is not quite clear how the value of the threshold parameter !0 can be determined within the BG
method. Note, however, that the position of the transition from the infrared to ultraviolet regime (see Fig. 3) coincide
for both restored spectral function and for the function (21) with !0 obtained within fitting procedure. Note also
that the values of the parameter A obtained within the BG method and fitting predure agrees quite well. For this
reason one can expect that fitting procedure gives a good approximation for the value of !0 and we will take it for
the model of the ultraviolet contribution.

Subtracting the ultraviolet contribution from the ratio ⌘/s in the form (21) we get the results of this section. These
results are shown in the third column of Table II and in Fig. 5. The uncertainties in Table II and in Fig. 5 are due
to the uncertainties in the A, !0, the entropy density s and the renormalization constant of the energy-momentum
tensor (see previous section). From Table II and Fig. 5 one sees that the results obtained within two approaches
applied in this paper agree with each other.

In addition to the results obtained in this paper in Fig. 5 we plot lattice results obtained in papers [14, 15, 17]. It
is seen that our results are in agreement with the previous lattice studies.

格子QCD計算

Astrakhantsev, Braguta, Kotov, JHEP 1704 (2017) 101

虚時間から実時間への解析接続が必要

Borsanyi et al, 1802.07718

N = 4SYM
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Arnold-Moore-Yaffe(2003)
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Figure 1. (a) The shear viscosity to entropy density ratio and (b) baryon number di↵usion co-
e�cient as a function of temperature, at leading-order (LO) and at next-to-leading order (NLO)
for di↵erent choices of the running coupling. The solid band fixes the coupling using the two-loop
EQCD value with µEQCD = (2.7 $ 4⇡)T , while the shaded band uses the standard MS two-loop
coupling with µMS = (⇡ $ 4⇡)T ; the corresponding values of ↵s(T ) are presented in Fig. 8. The
dominant NLO correction arises from NLO modifications of q̂ as is illustrated Fig. 6. The uncer-
tainty arising from gain terms which are only estimated (and not computed) is shown in Fig. 9.

right away in Figure 1. The figure shows the ratio of the shear viscosity to the entropy

density, computed at LO and NLO. The temperature enters in the choice of renormalized

coupling and the number of quark species (there are slight discontinuities where we cross

quark-number “thresholds”). The solid thinner band represents our “best estimate” based

on 2-loop renormalization group flow from the Z-pole and the coupling fixed via the EQCD

choice of Laine and Schröder [39]. The renormalization uncertainty is estimated by varying

the scale µEQCD over the range µEQCD = (2.7 $ 4⇡)T . The wider bands represent fixing

g2 from the scale ⇡T to 4⇡T with the standard MS approach, to indicate the importance

of the renormalization uncertainty. The plot shows that next-to-leading order corrections

lower the shear viscosity by a factor of two at high temperatures T ⇠ 1000GeV, and by

a factor of four for physically relevant temperatures, T ⇠ 250MeV. This large change

is suggestive that the true value of ⌘/s is smaller than the leading-order perturbative

estimate, but it also signals severe convergence problems in the perturbative expansion,

even for surprisingly large temperatures or, equivalently, small values of g. The figure also

shows the analogous result for the (light) quark di↵usion coe�cient, which displays very

similar coupling dependence. We present more results and discussion in later sections, but

we point out now that the largest NLO correction arises from NLO modifications of q̂ –

see Fig. 6. Accurate fits of or NLO results for ⌘/s as a function of coupling are provided

in an appendix.

Having finished a quick summary of the problem, our approach, and our main con-

– 4 –

摂動計算(almost NLO)

弱結合を仮定

⌘ =
T 3

g4 ln c1/g
(c0 + gc2 + · · · )
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Ghiglieri, Moore, Teaney, 1802.09535



QGP衝突直後 ハドロン化衝突前 time

0 1 10 fm/c

重イオン衝突は非平衡過程

cf. recent review, Busza, Rajagopal, van der Schee, 1802.04801



QGP衝突直後 ハドロン化衝突前 time

0 1 10 fm/c

RHIC:
LHC: � ⇠ 2500
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‘Color glass condensate’
強いグルーオン場

Qs
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典型的スケール

重イオン衝突は非平衡過程



QGP衝突直後 ハドロン化衝突前 time

0 1 10 fm/c

エネルギーを落としながらすり抜ける

p
SNN = 2.76TeV
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“熱化”の過程でほとんどのエントロピーが生成される

温度にすると約 300MeV
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速い“熱化”(~1fm)と大きなエントロピーはどうやって？

強いカラー場の崩壊過程(glasma)

重イオン衝突は非平衡過程
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粘性の小さい完全流体して振る舞う ⌘/s ⇡ 1/4⇡
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この過程ではエントロピーはほとんど増えない

なぜ粘性の低い完全流体として振る舞う？

重イオン衝突は非平衡過程



QGP衝突直後 ハドロン化衝突前 time

0 1 10 fm/c

終状態の粒子数~30,000＠LHC(2.76TeV)

膨張とともに温度が下がりハドロン化
ハドロンの非弾性散乱(chemical freeze-outまで)，  
弾性散乱(thermal freeze-outまで)

QGPからハドロン化のメカニズムは？

重イオン衝突は非平衡過程



小さい系

小さい系でも流体的振る舞い(方位角異方性)がみえる

AA pA pp

Jet quenchingは見えない

Review: Nagle,William, Zajc, 1801.03477, Loizides, Nucl. Phys. A 956, 200 (2016)
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gauge/gravity対応によると1/Tでの流体化示唆
W. van der Schee, Phys.Rev. D87, 061901 (2013),  

P. M. Chesler, Phys. Rev. Lett. 115, 241602 (2015), JHEP 1603, 146 (2016) 
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gauge/gravity対応によると1/Tでの流体化示唆
W. van der Schee, Phys.Rev. D87, 061901 (2013),  

P. M. Chesler, Phys. Rev. Lett. 115, 241602 (2015), JHEP 1603, 146 (2016) 

Jet quenchingは見えない

Review: Nagle,William, Zajc, 1801.03477, Loizides, Nucl. Phys. A 956, 200 (2016)

場の量子論として古典論とは 
違うメカニズムの熱化が存在？



まとめ
QGPの基礎事項を概観

ジオメトリ・グラウバー模型(門内),  フリーズアウト(浅川), 
流体・フロー(村瀬)
ハドロン化(八野),  磁場(広野),  格子QCD(筒井),  光子(山口),
レプトン・カイラル対称性・ハドロン媒質効果(成木),  
ハードプローブ(坂井), 重クォーク(林)
クォーコニウム(赤松), 初期・カラーグラス凝縮(藤井)
小さい系・フローの最先端(江角),  ジェットの最先端(中條),  
カイラル輸送現象(山本), 偏極(新井田) 
高密度物質の相構造・ゆらぎ(北沢),  
ビームエネルギー走査の最新結果(野中), 
ハドロン・ストレンジネス物理(大西), 中性子星(古城),   
相対論的流体力学の理論的進展(本郷), 将来展望(郡司)

他のトピック，詳細な内容は，
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クォーク 励起

Le Bellac textbook より

クォークも質量を持つ.
この質量は，カイラル対称性を破らない.



平均自由行程
ぶつからずに飛べる距離
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Dilepton 生成
dilepton rate at high T

Braaten, Pisarski, Yuan
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輸送係数
Leading order

2→2散乱 collinear emission
✓ ⇠ g

2体→3体，3→4体, 4→5体,.....Collinear散乱も2→2
体散乱のleading orderと同じorder.

Aurenche, Gelis, Zaraket (’00), Arnold, Moore, Yaffe(’01)
Aurenche, Gelis, Kobes, Zaraket (’98)

LPM effect

+ · · ·+

Arnold, Moore, Yaffe(’03)
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cf. Crossley, Glorioso, Liu, JHEP 1709 (2017) 095, JHEP 1709 (2017) 096
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局所熱平衡分布, hydrostatic

温度勾配，速度勾配 ⇒ 有効な計量
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カイラル磁気効果

Yamamoto, Phys. Rev. Lett. 107 (2011) 031601

backreaction from the quarks to the electromagnetic gauge
field. For simplicity, we consider two fermion flavors with
the same charge q. This approximation does not change the
qualitative behavior since the charge difference between
the quarks is not essential for the underlying mechanism of
the chiral magnetic effect.

In this setup, we measured the vector current density

j! ! a3h !c"!c i: (4)

The simulations were done in the deconfinement phase
(Nt ¼ 4), which is relevant for the chiral magnetic effect
in heavy-ion collisions. The transverse component j1 and
the longitudinal component j3 of the current density are
depicted as a function of !5 in Fig. 3, and as a function of
qB in Fig. 4. The two transverse components of the current
density are the same, j1 ¼ j2, from the rotational symme-
try, and they are zero in all of the simulations. All compo-
nents of the current density are zero either at B ¼ 0 or at
!5 ¼ 0. Only when both B and !5 are nonzero, a finite
current density is generated in the longitudinal direction.
These results suggest that an external magnetic field in-
duces a finite current density along the magnetic field only
in a chirally imbalanced QCD matter. This is exactly what
is expected of the chiral magnetic effect.

As seen in Figs. 3 and 4, the induced current density is an
increasing function of !5 and qB. Furthermore, it is given
as a linearly rising function both of !5 and of qB. We can
parametrize its functional form as

j3 ¼ a3CNdof!5qB: (5)

The factor Ndof is the number of particles with the same
charge, which is 6 ( ¼ Nc # Nf) in this simulation. The
overall constant is numerically determined as C ¼
0:013$ 0:001 by fitting the data. This functional form
has been predicted by an analytical approach using the

Dirac equation coupled with the background magnetic
field [1]. The lattice result establishes this prediction, ex-
cept for the overall constant C, which is 1=ð2#2Þ’ 0:05 in
the analytical approach. This deviation comes from some
QCD corrections. One possible candidate is a correction by
the renormalization. The local vector current (4) is not
renormalization-group invariant on the lattice [15]. This
is very different from the vector current in the continuum.
Another candidate is the dielectric correction, which re-
duces the induced current [6].
The above situation is completely different from the

standard lattice QCD without the chiral chemical potential.
In the standard lattice QCD, we cannot observe the global
induced current. Because the current itself is zero and only
its local fluctuation is nonzero, the chiral magnetic effect is
studied only through the local fluctuation [7]. In principle,
lattice QCD can reproduce the gauge configuration with a
nontrivial topology, which gives a finite chiral imbalance
via the index theorem. However, the global topological
charge (or the global chiral charge) per volume is negli-
gibly small, unless one artificially makes the gauge con-
figuration with a huge number of topological charge. The
magnetic field cannot induce the global current in observ-
able amount. On the other hand, at a finite chiral chemical
potential, the chiral charge density is finite and indepen-
dent of the volume. Therefore, owing to the introduction of
the chiral chemical potential, we can observe the global
current induced by the chiral magnetic effect.
Finally, in Fig. 5, we plot the induced current density as a

function of the chiral charge density n 5 with a fixed mag-
netic field. We can see that the induced current density is
approximately proportional to n 5. In this simulation, the
magnetic field is very large, qB ' !2

5. Under the strong
magnetic field, the quantum state of a charged particle is
dominated by the lowest Landau level. While the induced
current density cannot generally be written in a simple
analytical function of n 5, the contribution of the lowest
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FIG. 1. Energy flow (7) parallel (Jk
✏ ) and perpendicular (J?

✏ )
to the direction of the axial magnetic field B5 in the decon-
finement phase at T = 1.58Tc ⌘ 479MeV. The red dashed
line represents the best linear fit confirming the existence of
the Axial Magnetic E↵ect (4). The slope of the fit is given by
the conductivity (13).
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FIG. 2. The dimensionless prefactor C✏ = J✏/(eB5T
2) as the

function of the volume V at three di↵erent values of the lattice
spacing a. The expected theoretical value is C✏ = 1/6.

flow conductivity:

�(T )

����
T=1.58Tc

= 2.22(3)⇥ 10�3 GeV2 . (13)

For a conformal theory with two colors of fermions, the
conductivity coe�cient is expected to be �theor = T 2/6
which gives us one order of magnitude larger value
�theor ⇡ 0.0382GeV2 at this temperature. We expect
that this large di↵erence is not related to the absence of
the fermion vacuum loops in our simulations because the
latter do not play an essential role in the AME [5].
We see no signature of energy flow neither in the vicin-

ity of the phase transition nor in the confinement phase.
Summarizing, we have numerically observed the ex-

istence of the Axial Magnetic E↵ect (AME) in the
quenched SU(2) gauge theory on the lattice. We
have found that the equilibrium energy flow of massless
fermions is parallel to the direction of (and proportional
to the strength of) the time-independent uniform axial
magnetic field. Our study also indirectly confirms the
existence of the Chiral Vortical E↵ect (CVE) since both
these e↵ects have the same physical nature originating
from the gravitational anomaly.
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FIG. 1. Energy flow (7) parallel (Jk
✏ ) and perpendicular (J?

✏ )
to the direction of the axial magnetic field B5 in the decon-
finement phase at T = 1.58Tc ⌘ 479MeV. The red dashed
line represents the best linear fit confirming the existence of
the Axial Magnetic E↵ect (4). The slope of the fit is given by
the conductivity (13).
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For a conformal theory with two colors of fermions, the
conductivity coe�cient is expected to be �theor = T 2/6
which gives us one order of magnitude larger value
�theor ⇡ 0.0382GeV2 at this temperature. We expect
that this large di↵erence is not related to the absence of
the fermion vacuum loops in our simulations because the
latter do not play an essential role in the AME [5].
We see no signature of energy flow neither in the vicin-

ity of the phase transition nor in the confinement phase.
Summarizing, we have numerically observed the ex-

istence of the Axial Magnetic E↵ect (AME) in the
quenched SU(2) gauge theory on the lattice. We
have found that the equilibrium energy flow of massless
fermions is parallel to the direction of (and proportional
to the strength of) the time-independent uniform axial
magnetic field. Our study also indirectly confirms the
existence of the Chiral Vortical E↵ect (CVE) since both
these e↵ects have the same physical nature originating
from the gravitational anomaly.
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Figure 1: Results of the trace anomaly, energy density and pressure (left) and the ratio of the susceptibilities
Gxy(T )/Gx4(T ) (right) as a function of temperature.

Tc, and the rapid (slow) increase of the energy density (pressure) can be seen. The off-diagonal parts
of the energy-momentum tensor are found to be zero within the statistical error, ⟨Tµν⟩T ≃ 0, (µ ≠

ν).
We define the averaged static susceptibilities Gxy and Gx4 from Eq.(3.7) as

Gxy(T )≡
1
3
(G12+G13+G23) , Gx4(T )≡

1
3
(G14+G24+G34) . (4.2)

From the simulation, we found that bothGxy and Gx4 increase monotonically with temperature with
similar values, so that the ratio Gxy/Gx4 shown in Fig. 1 (right) corresponding to η/τπ(ε +P) is
almost unity over the range of temperatures we have explored, 0.5 <∼ T/Tc <∼ 1.8. This behavior is
in contrast to that expected from the weakly interacting bose gas mentioned at the end of sec.2, and
is worth to be studied further.

5. Summary

We examined transport coefficients of causal dissipative relativistic fluid dynamics (CDR) in
quenched lattice simulations. Based on the microscopic formulae proposed in Refs. [2, 3], a ratio
between the shear viscosity and the corresponding relaxation time, η/(τπ(ε+P)), was computed
from the static correlation functions of the energy-momentum tensor. We calculated these static
correlation functions in quenched lattice simulations on 243×4–16 lattices with βLAT = 6.0, which
correspond to the temperature range of 0.5<∼ T/Tc <∼ 1.8. In this temperature region, the ratio stays
constant and close to unity.
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問題点: 経路を見つけるのが大変
例えばトンネルが起きる場合は複数の経路

量子カオスの研究でも類似の手法を用いて解析
Tanizaki, Koike, Ann. Phys. 351, 250 (2014) 
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FIG. 3. Left: real and imaginary part of the correlator for � = 0.1 for momentum p = 0, as produced with the Grady and J0

algorithms, compared to the perturbative calculation. The simulation points are o↵set horizontally for clarity. Right: the results
for zero distance correlator as a function of the coupling. The blue points are the results of the “J0” algorithm and the curves
correspond to zeroth, first, and second order calculation.
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FIG. 4. Real and imaginary part of the correlator for momentum p = 0 for all � values used in this study. The blue points are
the results produced with J0 algorithm and the red points correspond to the Grady algorithm. For clarity the Grady results are
displaced horizontally. The black crosses are the result of exact calculations at � = 0.

ensembles generated with J0 algorithm

stat power =
1

Ncfg

(
P

i
| det J(�i)|)

2

P
i
| det J(�i)|2

, (30)

where Ncfg is the number of configurations in the ensemble, and �i are the configurations. This quantity is equal
to one when all configurations contribute equally, which happens when | det J(�i)| does not fluctuate at all, and in
the worst case it is 1/Ncfg when one configurations has a dominant contribution to the reweigthed ensemble. The
statistical power of each ensemble is listed in Table I. We see that as expected the statistical power decreases as we
increase �, but the its value is still 0.68 even on the ensemble with � = 1.0, so that we can easily reweight.

VI. DISCUSSION AND CONCLUSIONS

We have explored two di↵erent algorithms to compute the path integrals arising in the Schwinger-Keldysh formalism.
They are both based on deforming the contour of integration from real variables to a submanifold of the complexified
field space. They both bypass the most di�cult and costly part of the computation, namely, the calculation of the
jacobian of the parametrization of the deformed submanifold by real variables. They also lead to more e�cient,
isotropic Monte Carlo proposals.
The first algorithm has general applicability and can be seen as an adaptation of the Grady algorithm previously

proposed to deal with the fermion determinant. The second (“J0”), uses a free field approximation of the jacobian

２点関数

Alexandru, Basar, Bedaque, Ridgway, Phys. Rev. D 95, 114501 (2017)
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the temporal lattice extension Lt = 4 and larger spa-
tial lattice volumes Ls = 16, 18, 20. We make our sim-
ulations for the physical lattice spacings in the inter-
val a = (0.068 . . . 0.148) fm and the temperature range
T = (330 . . . 720)MeV.

We use the improved lattice action for the gluon
fields [15]. Due to the identity (11), the axial magnetic
field shares many properties of the usual magnetic field.
For example, the strength of the axial magnetic field is
subjected to quantization due to the periodicity of the
gauge fields in a finite lattice volume:

B5 = k B5,min , eB5,min =
2⇡

L2
s

. (14)

Here the integer number k = 0, 1, . . . , L2
s/2 determines

the total number of elementary magnetic fluxes thread-
ing each (x1, x2) plane of the lattice. The quantiza-
tion (14) is consistent with the unit charges of the left-
and right-handed quarks (4). In order to avoid ultravi-
olet artifacts, we simulate the lattice at relatively small
values of the flux quanta k  15 which is much smaller
than the maximal possible value of the quantized flux,
kmax = L2

s/2 ⇠ 100. Our typical strongest magnetic
fields are of the order eB5,max ⇠ 1.GeV2 while the small-
est possible fields are of the order of eB5,min ⇠ 0.1GeV2.

We have numerically checked that the dissipationless
energy flow scales linearly with the strength of the ax-
ial magnetic field B5 for a wide set of temperature and
volumes, in agreement with the theoretical prediction (2)
and our previous numerical calculations [8]. Thus, in or-
der to find the temperature behavior of the conductivity
coe�cient,

CAME(T ) =
J✏(T, eB5)

eB5T 2
, (15)

it is su�cient to calculate the energy current J✏ for a
single value of the external axial magnetic field B5 at a
given temperature T .

FIG. 1. The dimensionless conductivity coe�cient (15) of the
dissipationless energy flow vs. temperature. The dashed line
represents the best fit by Eq. (16).

In Fig. 1 we show the dimensionless coe�cient (15) of
the conductivity (3) as a function of temperature T . In

agreement with our previous results [8], the dissipation-
less energy transfer is absent in the confinement phase.
The conductivity coe�cient CAME(T ) raises with tem-
perature at phase transition region, and approaches a
constant value at T ⇠ 500MeV [T ⇠ 1.5Tc for the SU(2)
gauge theory] implying the T 2 behavior of the conduc-
tivity �(T ) at higher temperatures.
We find the the temperature behavior of the coe�cient

CAME can well be described by the following function,

Cfit
AME(T ) = C1

AME exp

✓
�

hT0

T � T0

◆
, T > T0 , (16)

with the best fit parameters

C1
AME = 0.0097(2) , (17)

h = 0.055(7) and T0 = 339(2)MeV. The best fit value for
the temperature scale is quite close to the pseudocritical
temperature of the deconfinement transition of the lattice
SU(2) gauge theory at our lattices. The quality of the
fit (16) is given by �/d.o.f. = 1.8. The fit is shown in
Fig. 1 by the dashed line.
The quantity (17) corresponds to the AME conduc-

tivity �(T ) = C1
AME T 2 in the high-temperature limit.

For a conformal theory with two colors of fermions
and one single flavor, the theoretical proportionality co-
e�cient should be an order of magnitude larger (5),
Cth

AME = 1/6 ⇡ 0.166. The ratio between the observed
and predicted coe�cients is the same as in our previ-
ous study (6). Notice that in lattice simulations of free
fermions the anomalous energy flow agrees very well with
the theoretical predictions [10] while we observe a large
discrepancy between theoretical and numerical results in
the lattice simulations of the interacting gauge theory.
Figure 1 also demonstrates the robustness of the result

with respect to variations of the lattice volume. For ex-
ample, the results at T ⇡ 400MeV ⇡ 1.3Tc) and T ⇡

720MeV ⇡ 2.37Tc stay unchanged within the error bars
as the volume changes in the range V = (8 . . . 15) fm3

and V = (1.3 . . . 2.6) fm3, respectively. This behavior is
contrasted with the simulations of the same e↵ect in a
theory with free fermions, where large finite-volume cor-
rections were observed [10]. The energy flow is almost
insensitive to variations of the ultraviolet cuto↵ given by
inverse lattice spacing [8].
Concluding, we have numerically calculated the tem-

perature behavior of the dissipationless energy flow in-
duced by the background axial magnetic field (the Axial
Magnetic E↵ect) in the quenched lattice SU(2) gauge
theory. We show that the energy flow is absent in the
confinement phase. In the deconfinement phase the con-
ductivity flow is proportional to the strength of the axial
magnetic field. The AME conductivity raises sharply in
the phase transition region at T ⇠ Tc and reaches the
expected T 2 behavior as the temperature increases over
1.5Tc. However, the numerically found conductivity co-
e�cient is approximately 17 times smaller than the co-
e�cient predicted by the linear response theory at weak
coupling.

Braguta, Chernodub, Goy, Landsteiner, Molochkov, Polikarpov, Phys. Rev. D 89, 074510 (2014)

軸性磁気効果の温度依存性
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様々な不安定性:Weibel不安定性, カオス, 乱流

3

sequent results do not depend on this choice as long as
Qs⌧0 ⌧ 1. In order to simplify the color algebra, the
simulation is done for an SU(2) gauge group, instead of
SU(3) for actual QCD.

We work in Fock-Schwinger gauge, A⌧ = 0, that gen-
eralizes the temporal gauge to the (⌧, ⌘,x?) system of
coordinates, and has the advantage of treating the two
nuclei on the same footing. On the lattice, the vector
potentials are exponentiated into link variables that con-
nect adjacent lattice sites in order to preserve an exact
local gauge symmetry. However, exponentiating the vec-
tor potentials in Eqs. (6) introduces some small viola-
tions of Gauss’s law DµEµ = 0. We restore Gauss’s law
by projecting the initial electrical fields on the subspace
that obeys the constraint, using the algorithm described
in Ref. [16].

ENERGY-MOMENTUM TENSOR

From the solutions of the classical Yang-Mills equa-
tions at some time ⌧ , we compute the expectation value
of the components of the energy momentum tensor. In
order to increase the e↵ective statistics, we average both
over the random numbers c⌫�k of Eqs. (6) and over the
lattice volume. At all times, the transverse and longi-
tudinal pressures are related to the energy density by
✏ = 2PT + PL (by construction), and Bjorken’s law,

@✏

@⌧
+

✏+ PL

⌧
= 0 , (8)

is satisfied as a consequence of energy and momentum
conservation.

The energy-momentum tensor computed in this ap-
proach contains a zero point contribution, that exists
even when the background field in Eqs. (3) is set to zero.
We subtract it out by performing the same calculation
twice: with a background field generated with a non-zero
value of Qs and with the background field set to zero.

After this pure vacuum subtraction, ✏ and PL still
contain subleading divergences that behave as ⌧�2. Al-
though we cannot compute the corresponding countert-
erms from first principles at the moment, their form can
be predicted. From ✏ = 2PT +PL , the counterterms for ✏
and PL must be equal. Then Bjorken’s law (8) constrains
this common counterterm to be of the form A/⌧2. We fit
the prefactor A in order to make ✏ and PL finite in the
limit ⌧ ! 0+. This choice of A also makes the resummed
and Leading Order results very close when ⌧ ! 0+, which
is expected since the higher order corrections should be
important only at later times, after the fluctuations have
been amplified by the Weibel instability.

To summarize our procedure, we do

hPT iphys. = hPT i backgd.
+ fluct.

�hPT i fluct.
only

h✏, PLiphys. = h✏, PLi backgd.
+ fluct.| {z }

computed

�h✏, PLi fluct.
only| {z }

computed

+A ⌧�2

| {z }
fitted

.

(9)
It should be noted that the zero point contribution

also behaves as ⌧�2 at small times and is almost inde-
pendent of the coupling, while the physical contribution
is of order Q4

s/g
2. At large coupling and small times,

the physical contribution is much smaller than the two
terms that we must subtract, and therefore the accuracy
on the di↵erence is severely limited by the statistical er-
rors. This limits how large the coupling constant g can
be in practical simulations. The results presented below
are for g = 0.1 (figure 3, Nconf = 200) and g = 0.5 (figure
4, Nconf = 2000), that are both much smaller than the
expected value at the LHC (g ⇡ 2).
To provide more intuition on the relevant timescales,

we also provide the time in fermis/c on the upper hori-
zontal scale of the figures 3 and 4. The calibration of this
scale requires that one chooses the value of Qs in GeV,
here taken to be Qs = 2 GeV, a reasonable value for
nucleus-nucleus collisions at LHC energies. In order to
highlight the e↵ect of the quantum corrections, we also
show the Leading Order results (dotted curves).
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FIG. 3. Evolution of the ratios PT,L/✏ for g = 0.1 (↵s =

8 · 10�4). The bands indicate statistical errors, estimated
as the result obtained before any subtraction divided by the
square root of the number of samples. The dotted curves
represent the LO result.

In both cases, ✏ = PT = �PL at ⌧ = 0+. After a time
of order Q�1

s , the longitudinal pressure turns positive and
stays mostly positive afterwards. However, for g = 0.1 it
always stays much smaller than the transverse pressure
(PL/PT ⇡ 0.01), which implies that the system is almost
free streaming in the longitudinal direction: the energy
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注)古典Yang-Millsシミュレーション 
だけでは熱平衡状態は実現不可能


