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Introduction
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Gamow shell model (GSM)
: a particular realization of the continuum shell model (CSM) on the Berggren ensemble.

Introduction 

• Schematic diagram of various aspects of physics important in 
neutron-rich nuclei
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Closed Quantum System: 
Well bound nuclei

Fig.1
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Complex-energy eigenstates;

• The resonant states and bound states are identified with 
the poles of the complex-momentum plane.

• More generalized Berggren Completeness

Gamow states and Berggren Completeness

෩𝑬𝒏 = 𝑬𝒏 − 𝒊
𝚪𝐧
𝟐

𝑘𝑛 = 𝛾𝑛 − 𝑖𝜅𝑛 → e𝑖𝑘𝑛𝑟 = e𝜅𝑛𝑟 𝑤ℎ𝑒𝑟𝑒, 𝑅𝑒 𝑘 = 0

ቊ
bound states; 𝐼𝑚 𝑘 > 0

antibound states; 𝐼𝑚 𝑘 < 0
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an integral over non-resonant 
scattering states from the contour L+

complex-momentum

෨𝐸 =
ℏ2

2𝑚
𝑘2



𝑛∈ 𝑎,𝑏,𝑑

ൿห𝑢𝑛 หൻ𝑢𝑛 +න
𝐿+

ۧȁ𝑢 𝑘 ȁۦ𝑢 𝑘 𝑑𝑘 = 1

sum runs over 
antibound (weakly bound) states (a) 
+ all bound (b)
+ resonant decaying (d) states 

antibound
capturing

bound 
resonant

Fig.2 

𝐿+



Resonant state in GSM 

• The divergence of the resonance wavefunction assures that the 
particle number is conserved.

𝑖ℏ
𝜕

𝜕𝑡
𝜒 𝐫, 𝑡 = ℎ𝜒 𝐫, 𝑡 → 𝜒 𝐫, 𝑡 = 𝜏 𝑡 𝜓 𝐫 ,
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𝜏 𝑡 = e−𝑖
෨𝐸𝑛
ℏ
𝑡 = e−𝑖

𝐸𝑛
ℏ
𝑡e−

Γ𝑛
2ℏ

𝑡

→ e−𝑖
෨𝐸𝑛
ℏ
𝑡 ∝ e−

Γ𝑛
2ℏ

𝑡

𝜓n = 𝜓n𝑙𝑗𝑚 𝐫, 𝑘𝑛 =
𝑢𝑛𝑙𝑗 𝑘𝑛, 𝑟

𝑟
𝑌𝑙 Ƹ𝑟 𝜒𝑠 𝑗𝑚

→ e𝑖𝑘𝑛𝑟 = e𝑖𝛾𝑛𝑟e𝜅𝑛𝑟 ∝ e𝜅𝑛𝑟

time-dependent eigenfunction space-dependent eigenfunction

exponential temporal decrease exponential spatial increase



Capture process 
& resonance in unbound nucleus
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Hamiltonian of the GSM 
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𝑯 = 

𝒊=𝟏

𝑵𝒗𝒂𝒍 𝒑𝒊
𝟐

𝟐𝝁𝒊
+ 𝑼𝒄 ො𝒓𝒊 + 

𝒊<𝒋

𝑵𝒗𝒂𝒍

𝑽 𝒓𝒊 −
𝒓𝒋 +

𝒑𝒊 ∙
𝒑𝒋

𝑴𝒄
= 𝑼𝒃𝒂𝒔𝒊𝒔 + 𝑻 + 𝑽𝒓𝒆𝒔

𝑈𝑐 Ƹ𝑟𝑖 = 𝑉𝐶𝑜𝑢𝑙𝑜𝑚𝑏 + −𝑉𝑂𝑓 𝑟 − 𝑉𝑆𝑂4Ԧ𝑙 ∙ Ԧ𝑠
1

𝑟

𝑑𝑓 𝑟

𝑑𝑟

𝑼𝒃𝒂𝒔𝒊𝒔 = 

𝑖=1

𝑁𝑣𝑎𝑙

𝑈𝑐 Ƹ𝑟𝑖 + 𝑈 Ƹ𝑟𝑖
𝑽𝒓𝒆𝒔 = 

𝑖<𝑗

𝑁𝑣𝑎𝑙

𝑉 መԦ𝑟𝑖 − መԦ𝑟𝑗 +
መԦ𝑝𝑖 ∙ መԦ𝑝𝑗

𝑀𝑐
− 

𝒊<𝒋

𝑵𝒗𝒂𝒍

𝑈 Ƹ𝑟𝑖

𝑉 መԦ𝑟𝑖 −
መԦ𝑟𝑗 = 𝑉𝑖𝑗

𝐶 + 𝑉𝑖𝑗
𝑆𝑂 + 𝑉𝑖𝑗

𝑇 + 𝑉𝑖𝑗
𝐶𝑜

𝑈 Ƹ𝑟𝑖 : one-body mean-field 

→ s.p. potential of Woods-Saxon → Furutani-Horiuchi-Tamagaki (FHT) 
finite-range two-body interaction

𝑉𝑖𝑗
𝐶: central 𝑉𝑖𝑗

𝑆𝑂: spin-orbit

𝑉𝑖𝑗
𝑇: tensor 𝑉𝑖𝑗

𝐶𝑜: Coulomb



Radiative proton & neutron capture process
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RR

ൿหΨ𝑓 𝐽𝑓, 𝑀𝑓ۧȁΦ𝑖 𝑀𝑖

7Be(p,γ)8B

ppIII

ppII

7Be+p+→8B+γ

7B→8Be*+e++νe

8Be*→4He+4He

7Be+e-→7Li+νe

7Li+p+→4He+4He

3He+4He→7Be+ γ

R R

ൿหΨ𝑓 𝐽𝑓, 𝑀𝑓ۧȁΦ𝑖 𝑀𝑖

7Li(n,γ)8Li



Cross-sections of radiative capture using GSM 
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Differential cross section

𝑑𝜎

𝑑Ω𝛾
=

1

8𝜋

𝑘𝛾

𝑘

𝑒2

ℏ𝑐

𝜇𝑢𝑐
2

ℏ𝑐

1

2𝑠 + 1

1

2𝐽𝑡𝑎𝑟𝑔 + 1

Total cross section

𝜎 𝐸𝑐.𝑚. =

𝐽𝑓

න
0

2𝜋

𝑑𝜙𝛾න
0

𝜋

sin 𝜃𝛾 𝑑𝜃𝛾
𝑑𝜎𝐽𝑓 𝐸𝑐.𝑚., 𝜃𝛾, 𝜙𝛾

𝑑Ω𝛾

× 

𝑀𝑖,𝑀𝑓,𝑀𝑡𝑎𝑟𝑔,𝑀𝐿,𝑃,𝑚𝑠



𝐿

𝑔𝑀𝐿,𝑃
𝐿 𝑘, 𝑘𝛾, 𝜑𝛾, 𝜃𝛾 Ψ𝑓 𝐽𝑓 , 𝑀𝑓

ℳ𝐿,𝑀𝐿
Φ𝑖 𝑀𝑖

2

Astrophysical factor 

𝑆 𝐸𝑐.𝑚. = 𝜎 𝐸𝑐.𝑚. 𝐸𝑐.𝑚.𝑒
2𝜋𝜂

[𝑔𝑀𝐿 ,𝑃
𝐿 𝑘, 𝑘𝛾 , 𝜑𝛾 , 𝜃𝛾 = 𝑖𝐿 2𝜋 2𝐿 + 1

𝑘𝛾
𝐿

𝑘

𝐿+1

𝐿

𝑃

2𝐿+1 ‼
𝐷𝑀𝐿𝑃
𝐿 𝜙𝛾 , 𝜃𝛾, 0 , 𝐷𝑀𝐿𝑃

𝐿 𝜙𝛾, 𝜃𝛾, 0 ; Wigner D-matrix]



Channel states expansion in the Berggren basis
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ห ൿ𝜙𝑖
𝑟𝑎𝑑  : projectile radial part

ห ൿ𝑐𝑝𝑟𝑜𝑗 : projectile angular part

ห ൿ𝑐𝑡𝑎𝑟𝑔 =

𝑖

𝑆𝐷𝑖
𝐴−1

𝑐𝑡𝑎𝑟𝑔 ቚ 𝑆𝐷𝑖
𝐴−1 ቚ 𝜙𝑖;𝑐𝑝𝑟𝑜𝑗 = መ𝒜 ห ൿ𝜙𝑖

𝑟𝑎𝑑 ⊗ ห ൿ𝑐𝑝𝑟𝑜𝑗 = መ𝒜 ห ൿ𝜙𝑖
𝑟𝑎𝑑 ⊗ ห ൿ𝑙, 𝑠; 𝑗, 𝑚𝑗

→ ห𝑟, ൿ𝑐𝑝𝑟𝑜𝑗 =

𝑖

𝑢𝑖 𝑟

𝑟
ቚ 𝜙𝑖;𝑐𝑝𝑟𝑜𝑗

R

Target structure state Projectile state

ȁ ۧ𝑐 ≡ ห ൿ𝑐𝑝𝑟𝑜𝑗; 𝑐𝑡𝑎𝑟𝑔

ห ൿ𝜙𝑖
𝑟𝑎𝑑, 𝑐 = መ𝒜 ห ൿ𝜙𝑖

𝑟𝑎𝑑 ⊗ ȁ ۧ𝑐

→ ȁ𝒓, ۧ𝒄 =

𝑖

𝑢𝑖 𝑟

𝑟
ห ൿ𝜙𝑖

𝑟𝑎𝑑, 𝑐 = 

𝑖

𝑢𝑖 𝑟

𝑟
መ𝒜 ห ൿ𝜙𝑖

𝑟𝑎𝑑 ⊗ ȁ ۧ𝑐

Channel basis state

Target state ⨂ Projectile state



• Two peaks: 1+
1  and 3+

1  unbound excited states of 8B. 

Astrophysical factor for 7Be(p,γ)8B 
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Our result (2023)
Junghans el al (2010) 

fully antisymmetrized CC GSM calculation
non antisymmetrized CC GSM calculation

Fossez el al (2015)
Junghans el al (2010) 

Fig. 3

3+

1+

3+

1+



• The peak: 3+
1  resonance of 8Li.

Cross sections for 7Li(n,γ)8Li 
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Our result (2023)
Imhof el al (1959)
Wiescher el al (1989)

Fossez el al (2015)
Imhof el al (1959)

fully antisymmetrized CC GSM calculation
non antisymmetrized CC GSM calculation

Fig. 4

3+

3+



Resonance in 15F
14O(p,p)14O

R R

15F* 14O+p

Fig.5

1/2-
5/2+

1/2+

0+

14O+p

1-

g.s

1/2-

1/2+

5/2+

15F

g.s

1.270

2.794

4.757

13

14O+p



Resonance in 15F : 14O(p,p’)14O*
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Our calculationFig. 6

1/2-

5/2+

1/2+

1/2-

5/2+

1/2+



Summary

15Thank you for your attention

• Gamow shell model (GSM)
• Introduce complex-energy eigenstates to treat antibound, bound, resonant, 

and scattering states on the same footing.

• All states belong to Berggren completeness relation, so we can write GSM 
formulism in rigged Hilbert space.

• We used the GSM to explain 7Be(p,γ)8B and 7Li(n,γ)8Li, and 
14O(p,p)14O reaction cross sections and our results reproduce the 
peaks of the experimental data overall well.

• The GSM explains not only nuclear reactions but also nuclear 
structures, simultaneously.



Fig. 6

Fig. 4
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thank you 
for 
your attention
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