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Equation of motion

Lagrangian for free nucleon

ℒ𝑁 = ΣN=n,p
ത𝜓𝑁 𝛾𝜇𝑖𝜕𝜇 − 𝑀𝑁 𝜓𝑁

Lagrangian for meson(𝜎, 𝜔)

ℒ𝑚𝑒𝑠𝑜𝑛 =
1

2
𝜕𝜇𝜎𝜕𝜇𝜎 − 𝑚𝜎

2 𝜎2 +
1

2
𝑚𝜔

2 𝜔𝜇𝜔𝜇 −
1

4
𝑊𝜇𝑣𝑊𝜇𝑣

Lagrangian for nucleon-meson interaction 

ℒ𝑖𝑛𝑡 = ΣN=n,p
ത𝜓𝑁 𝑔𝜎𝜎 − 𝛾𝜇 𝑔𝑤𝜔𝜇 𝜓𝑁

⋯ 𝑊𝜇𝑣 = 𝜕𝜇𝜔𝑣 − 𝜕𝑣𝜔𝜇



Total Lagrangian up to 4th order

Total Lagrangian

ℒ = ΣN=n,p
ത𝜓𝑁 𝛾𝜇 𝑖𝜕𝜇 − 𝑔𝑤𝜔𝜇 − 𝑀𝑁 − 𝑔𝜎𝜎 𝜓𝑁

+
1

2
𝜕𝜇𝜎𝜕𝜇𝜎 − 𝑚𝜎

2 𝜎2 +
1

2
𝑚𝜔

2 𝜔𝜇𝜔𝜇 −
1

4
𝑊𝜇𝑣𝑊𝜇𝑣 − 𝑈𝑁𝐿(𝜎)

where 

𝑈𝑁𝐿 𝜎 =
1

3
𝑔2𝜎3 +

1

4
𝑔3𝜎4

𝑊𝜇𝑣 = 𝜕𝜇𝜔𝑣 − 𝜕𝑣𝜔𝜇



Equation of motion

Euler-Lagrange’s equation

𝜕𝜇

𝜕ℒ

𝜕 𝜕𝜇Ψ𝛼

−
𝜕ℒ

𝜕Ψ𝛼

= 0 (Ψ𝛼 = 𝜓𝑝, 𝜓𝑛, ഥ𝜓𝑝, ഥ𝜓𝑛, 𝜎, 𝜔)

We can get the 6 kinds of the equation of motion about Ψ𝛼

1, 2. Ψ𝛼 = 𝜓𝑛,𝑝

ത𝜓𝑛,𝑝 𝑖𝛾𝜇
ശ𝜕𝜇 + 𝑀𝑁

∗ + 𝑔𝜔𝛾𝜇𝜔𝜇 = 0

Where 𝑀𝑁
∗ = 𝑀𝑁 − 𝑔𝜎𝜎



Equation of motion

3, 4. Ψ𝛼 = ത𝜓𝑛,𝑝

𝑖𝛾𝜇𝜕𝜇 − 𝑀𝑁
∗ − 𝑔𝜔𝛾𝜇𝜔𝜇 𝜓𝑛, 𝑝 = 0

5.  Ψ𝛼 = 𝜎

[𝜕𝜇𝜕𝜇 + 𝑚𝜎
2 + 𝑔2𝜎 + 𝑔3𝜎2]𝜎 = Σ𝑁=𝑛,𝑝𝑔𝜎

ത𝜓𝑁𝜓𝑁

6. Ψ𝛼 = 𝜔𝜇

𝜕𝜇𝑊𝜇𝑣 + 𝑚𝜔
2 𝜔𝜇 = Σ𝑁=𝑛,𝑝𝑔𝜔

ത𝜓𝑁𝛾𝜇𝜓𝑁

Where ത𝜓𝑁𝛽 → 𝜓†      𝛾𝜇 = (𝛽, 𝛽𝜶)



Relativistic mean-field model

Energy-momentum tensor

𝑇𝜇𝑣 = 

𝛼

𝜕ℒ

𝜕 𝜕𝜇Ψ𝛼

𝜕𝑣 Ψ𝛼 − 𝑔𝜇𝑣ℒ (Ψ𝛼 = 𝜓𝑝, 𝜓𝑛, ത𝜓𝑝, ത𝜓𝑛, 𝜎, 𝜔)

Energy density 

ℰ = 𝑇00

Pressure

𝑃 =
1

3
𝑇𝑖𝑖

𝜎 = ത𝜎 + 𝑑𝜎 → ത𝜎, 𝜔𝜇 = 𝛿𝜇0( ഥ𝜔 + 𝑑𝜔) → 𝛿𝜇0 ഥ𝜔



Equation of state

Using energy momentum tensor, we can get the equation of state

ℰ = Σ𝑁=𝑝,𝑛

1

𝜋2
න

0

𝐾𝐹𝑁

𝑑𝑘 𝑘2 𝑘2 + 𝑀∗
𝑁
2 ( ത𝜎)

1/2
+

1

2
𝑚𝜎

2 ത𝜎2 + 𝑚𝜔
2 ഥ𝜔2 +

1

3
𝜎3 +

1

4
𝜎4

𝑃 =
1

3
Σ𝑁=𝑝,𝑛

1

𝜋2
න

0

𝐾𝐹𝑁

𝑑𝑘
𝑘4

𝑘2 + 𝑀∗
𝑁
2 ത𝜎

1/2
+

1

2
−𝑚𝜎

2 ത𝜎2 + 𝑚𝜔
2 ഥ𝜔2 −

1

3
𝜎3 −

1

4
𝜎4



Equation of state

- Including sigma non-linear term

Binding energy give maximum value
about 𝜌𝐵 = 0.148, 𝐵𝐸 ≅ −16.24 MeV

𝐸

𝐵
=

ℰ

𝜌𝐵

(B is baryon number)

And 𝜌𝐵 =
2

3𝜋2 𝑘𝑓
3

Then 

𝑘𝑓 = 1.30 (fm−1) → 𝜌𝐵 ≅ 0.148(fm−3)



Equation of state

The pressure satisfies the following 
equation depending on the 
thermodynamic conditions.

𝑘𝑓 = 1.30 (fm−1) 

→ 𝜌𝐵 ≅ 0.148(𝑓𝑚−3)

𝑝 = 𝜌𝐵
2

𝜕

𝜕𝜌𝐵
(

ℰ

𝜌𝐵
)



-SUMMARY

• Lagrangian can get from the sum of each part of Lagrangian

• Equation of motion can be derived by Euler-Lagrange’s equation

• Mean-field model makes the equation simple

• If know the energy density, the saturation density point can derive 

• Pressure can get the thermodynamic condition of energy density



Thank you 
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