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Chart of Nuclei (2014)
~ 3000 nuclei

stable nuclei ~ 300 nuclei
unstable nuclei observed so far ~ 2700 nuclei
drip-lines (limit of existence)（theoretical predictions) ~ 6000 nuclei
magic numbers

1985年の核図表

~ 1500 nuclei
(1985)

Nuclear chart
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Bottom-up approach to nuclear structure

Nuclear Physics European Collaboration Committee
Long Range Plan 2004

 “Although QCD is the basic
theory of strong interactions,
other models must take over
for a proper description of the
low-energy nuclear behavior.”

 “The figure indicates some
models used and their region
of applicability.”

 “Note that the regions overlap,
we are progressing towards a
complete understanding of
nuclear structure.”

Proper energy scale & degree of freedom
for understanding the proper physics



State-of-the-art nuclear theories

http://www.unedf.org/

 Density functional theory (DFT) aims at understanding both ground-
state and excited-state properties of thousands of nuclei in a
consistent and predictive way.



Nuclear N-particle system
 Time-dependent Schrödinger/Dirac equation (in this talk                     )

 Stationary equation

where xi = (ri , σi , τi) stands for the spatial, spin, and isospin coordinates.

Nuclear many-body problem

 However, the N-particle wave function contains a great deal of information
which is irrelevant to most of important physical properties.

 It is very advantageous to introduce the density matrices, defined from the
many-body wave function by integrating out much of redundant information.

The problem becomes extremely difficult when N = 4, 5, 6, …



DFT and one-body local density

One-body local density (a function in 3D space, independent of N)

 experimental observable
 with transparent physical meaning
 easily visualized

The aim of density functional theory (DFT) is
 to reduce the many-body quantum mechanical problem formulated in terms of

N-particle wave functions Ψ to the one-particle level with the local density
distribution ρ(r).

“Can the aim of DFT be justified?”

http://www.nishina.riken.go.jp/index_e.html



Hohenberg-Kohn theorem

The Hohenberg-Kohn theorem states [Phys. Rev. 136, B864 (1964)]

 The non-degenerate ground-state energy E of a system of identical spinless
fermions is a unique functional of the local density ρ(r).

 This energy functional E[ρ] attains its minimum value when the density has its
correct ground-state value.

Photos: Zangwill, Phys. Today 68(7), 34 (2015)



Proof of Hohenberg-Kohn theorem (I)

 In proving their theorem, Hohenberg and Kohn considered a collection of an
arbitrary number of electrons enclosed in a large box, moving under the
influence of an external potential v(r) and the mutual Coulomb repulsion.

 Hamiltonian with an external field

 Schrödinger equation

 One-body local density

 Obviously, Ψv and ρ(r) are functionals of v(r).

with

To prove v(r) is a unique functional of ρ(r)

also see Petkov & Stoitsov, Nuclear Density Functional Theory (Clarendon Press, Oxford, 1991)



Proof of Hohenberg-Kohn theorem (II)

 Assume that another potential v’(r) leads to the
ground-state wave function Ψv’ and the energy
Ev’, but gives rise to the same density ρ’(r) = ρ(r).

 According to variational principle

i.e., 

 Exactly, in the same way, one gets 

 Therefore, v(r) is a unique functional of ρ(r), so are Hamiltonian Hv, wave
function Ψv, and the expectation values of all operators of interest.

ρ’(r) ≠ ρ(r)



Proof of Hohenberg-Kohn theorem (III)

 One can define a universal functional                                   , which is valid for 
any number of particles N and for any external field v(r).

 One can also define the energy functional

and prove that

restricted by the normalization condition

Hohenberg-Kohn theorem
 The non-degenerate ground-state energy E of a system of identical spinless

fermions is a unique functional of the local density ρ(r).
 This energy functional E[ρ] attains its minimum value when the density has its

correct ground-state value.



DFT to isolated nucleus

Nucleus is a self-bound system (without external potential)

 It is somewhat useless to use the ground-state density in the laboratory frame, 
because ρ(r) = N/V 0 (V ∞).

 DFT theorem for the intrinsic density (a wave-packet state)

where Φ indicates the intrinsic state and χ defines the spurious motion.

See, e.g.,
Review



Shell structure in DFT

Nucleus has profound shell effects
 difficult to be presented in the local density ρ(r)

Kohn and Sham provided a practical solution
[Phys. Rev. 140, A1133 (1965)]

 to separate the exact kinetic energy density functional
into a major part T[ρ] that is known and the rest which
is treated as correlation.

 By taking a non-interacting system as a reference system

Kohn-Sham equation (self-consistent)

and

with



The legacy of DFT

Nobel Prize 1998

"for his development of 
the density-functional 
theory" 

The legacy of DFT
 One could argue that the algorithms implemented in

DFT programs reflect a long sequence of approximations
and extensions made by many individuals to the original
Hartree-Fock method.

 DFT provides both the scientific justification and the
basis for understanding the meaning behind these
algorithms.

Zangwill, Phys. Today 68(7), 34 (2015)

Number of annual citations of HK1964 & KS1965
data from Web of Science

> 48,000
3400

0



Nucleon-nucleon interaction

Nucleon-nucleon interaction

http://www.particleadventure.org/

Nobel Prize 1949
Machleidt, Holinde, Elster, Phys. Rep. 149, 1 (1987)

Bonn meson-exchange model 
for NN interaction



Relativistic Brueckner Hartree-Fock

 Bare NN forces cannot be
directly used in DFT
calculations.

 The Pauli principle prohibits
the scattering into states,
which are already occupied in
the medium.

 The effective force G is much
weaker than bare force V, but
probably not the case for the
tensor part.

pm > pF
Brueckner, Levinson, Mahmoud, Phys. Rev. 95, 217 (1954)
Goldstone, Proc. Roy. Soc. A 23, 267 (1957)
also see Day, Rev. Mod. Phys. 39, 719 (1967)

S.H. Shen (Peking U.)  RIKEN (2015.8 ~ 2016.5)
with scholarships of PKU & RIKEN short-term IPA

“Relativistic description for finite nuclei with nucleon-nucleon
interactions from lattice QCD”



Covariant density functional theory (I)

Effective Lagrangian density: starting point of CDFT

where

 Legendre transformation

where ϕi represent the nucleon, meson, and photon fields. 

See, e.g.,
Serot & Walecka, The Relativistic Nuclear Many Body Problem (1986)
Bouyssy et al., Phys. Rev. C 36, 380 (1987); Long, Giai, Meng, Phys. Lett. B 640, 150 (2006)

 The Lorentz covariance is taken into account.



Covariant density functional theory (II)

 The Hamiltonian density then is obtained as

where the contributions from nucleon, meson and photon fields are 



Covariant density functional theory (III)

 Trial wave function (Slater determinant: mean-field approximation)

Energy functional of the system

“D” represents the direct terms and “E” represents the exchange terms.

“There is no direct term of π. Why?”



Hartree approximation (I)

Relativistic Mean Field (RMF) = relativistic Hartree approximation

 Energy functional of the system

 time reversal symmetry  only time-like components of
 no isospin-mix  only third component of
 stationary states  only space derivatives of meson fields

See, e.g.,
Meng et al., Prog. Part. Nucl. Phys. 57, 470 (2006)



Hartree approximation (II)

 To solve the equations in a self-consistent (iterative) way.

 The variation principle with respect to leads to the Dirac equation

with                             and 

 The variation principle with respect to                           leads to the
Klein-Gordon equations

with the local densities



 The scalar and vector potentials are both very big in amplitude, but with
opposite signs: S(r) < 0 and V(r) > 0.

 This results in a shallow Fermi sea and a deep Dirac sea, the latter is
responsible for the large spin-orbit coupling.

Nuclear potentials in relativistic models

Courtery of P. Ring

V + S ≈ 70 MeV

V - S ≈ 700 MeV

no-sea approximation



Progress in covariant DFT 

Books and Reviews on covariant DFT
 Serot & Walecka, Advances in Nuclear Physics Vol. 16: The Relativistic Nuclear Many Body Problem (Plenum

Press, New York, 1986)
 Reinhard, The relativistic mean-field description of nuclei and nuclear dynamics, Rep. Prog. Phys. 52, 439-514

(1989)
 Ring, Relativistic mean field theory in finite nuclei, Prog. Part. Nucl. Phys. 37, 193-263 (1996)
 Lalazissis, Ring, Vretenar (eds.), Extended Density Functionals in Nuclear Structure Physics (Springer,

Heidelberg, 2004)
 Savushkin & Toki, The Atomic Nucleus as a Relativistic System (Springer, Berlin, 2004)
 Vretenar, Afanasjev, Lalazissis, Ring, Relativistic Hartree-Bogoliubov theory: Static and dynamic aspects of

exotic nuclear structure, Phys. Rep. 409, 101-259 (2005)
 Meng, Toki, Zhou, Zhang, Long, Geng, Relativistic continuum Hartree Bogoliubov theory for ground-state

properties of exotic nuclei, Prog. Part. Nucl. Phys. 57, 470-563 (2006)
 Niksic, Vretenar, Ring, Relativistic nuclear energy density functionals: Mean-field and beyond, Prog. Part. Nucl.

Phys. 66, 519-548 (2011)
 Meng, Peng, Zhang, Zhao, Progress on tilted axis cranking covariant density functional theory for nuclear

magnetic and antimagnetic rotation, Front. Phys. 8, 55-79 (2013)
 Liang, Meng, Zhou, Hidden pseudospin and spin symmetries and their origins in atomic nuclei, Phys. Rep. 570, 1-

84 (2015)
 Meng & Zhou, Halos in medium-heavy and heavy nuclei with covariant density functional theory in continuum, J.

Phys. G 42, 093101 (52pp) (2015)
 ……



What is going on?

Our goals: To study the physics in exotic deformed nuclei
 correct asymptotic behavior
 to break all geometric symmetries
 exotic shapes / exotic excitation modes
 reasonable computational time

From spherical to deformed   --- to break all geometric symmetries

Courtery of S.G. Zhou



What is going on?

Our goals: To study the physics in exotic deformed nuclei
 correct asymptotic behavior
 to break all geometric symmetries
 exotic shapes / exotic excitation modes
 reasonable computational time

From spherical to deformed   --- to break all geometric symmetries

CDFT on 3D mesh: ground states & excitations



Imaginary time step (ITS) method

 ITS has been realized for Skyrme Hartree-Fock calculations on 3D Cartesian 
mesh. Davies, Flocard, Krieger, Weiss, Nucl. Phys. A 342, 111 (1980)

 Schrödinger equations

 To solve Dirac equations in 3D space
 Challenge  I: Variational collapse
 Challenge II: Fermion doubling

Imaginary time step method

Zhang, Sagawa, Yoshino, Hagino, Meng, Prog. Theor. Phys. 120, 129 (2008)



 ITS for Schrödinger equations

ITS for Schrödinger equations 



 ITS for Dirac equations

 ITS evolution leads to contamination of single-paticle states by the Dirac sea.
Variational collapse Stanton & Havriliak, J. Chem. Phys. 81, 1910 (1984)

ITS for Dirac equations 



 To avoid variational collapse: maximizing �1/h� instead of minimizing �h�
Hill & Krauthauser, Phys. Rev. Lett. 72, 2151 (1994)

To avoid variational collapse

 h is unbounded, but 1/h is bounded.



 Inverse Hamiltonian method

 For a small step � � Hagino & Tanimura, Phys. Rev. C 82, 057301 (2010)

with

Inverse Hamiltonian method

TO SOLVE KNOWN



 Of the form Ax = b can be solved iteratively, e.g., Krylov subspace method 
Saad, Iterative Methods for Sparse Linear Systems (2003)

 do not need the matrix element of A
 only need the result of Ay for any given y

Iterative methods

CR=Conjugate Residual, (Bi)CG=(Bi-)Conjugate Gradient, GP=Generalized Product



 Dirac Fermion on lattice  spurious states with high momentum and low 
energy

 1D Dirac equation in coordinate space

e.g.

 1D Dirac equation in momentum space

 Dispersion relation

Fermion doubling (I)

Tanimura, Hagino, HZL,
Prog. Theor. Exp. Phys. 2015, 073D01 (2015)



 Solutions of 1D Dirac equation

 Physical and spurious states have 
the same energy, and mix with each 
other.

Fermion doubling (II)



Wilson Fermion:
a famous problem in lattice QCD  Wilson, Phys. Rev. D 10, 2445 (1974)

 Dispersion relation (1D, no potential)

To eliminate fermion doubling



 Single-particle energies and wave functions

Single-particle energies and wave functions

 Higher-order Wilson terms: less effect on physical states, stronger effect on 
spurious states. Tanimura, Hagino, HZL,

Prog. Theor. Exp. Phys. 2015, 073D01 (2015)



 PES of 8Be compared with the 
results by HO basis expansion

Application in self-consistent CDFT

 Potential energy surfaces (PES) of 
24Mg and 28Si

Tanimura, Hagino, HZL,
Prog. Theor. Exp. Phys. 2015, 073D01 (2015)



(Left: data from Avogadro:2013)

Excitations in 3D CDFT

Computational challenge for the excitations in deformed systems

HZL, Nakatsukasa, Niu, Meng, Phys. Rev. C 87, 054310 (2013)

A promising solution: 
Finite amplitude method   Nakatsukasa, Inakura, Yabana, Phys. Rev. C 76, 024318 (2007)

 The combination CDFT + FAM works well for the spherical systems.
 To develop CDFT + FAM for the deformed systems.



Summary

 The key of Density Functional Theory is to reduce the many-body quantum
mechanical problem formulated in terms of N-particle wave functions to the
one-particle level with the local density distribution ρ(r), which is justified by
the Hohenberg-Kohn theorem and accessed by the Kohn-Sham theory.

 The covariant/relativistic version of nuclear DFT is based on the Yukawa
meson-exchange picture, which takes the Lorentz covariance into
account.

 Nuclear DFT aims at understanding both ground states and excited states of
thousands of nuclei in a consistent and predictive way.



Another nuclear chart

原子核协变密度泛函理论

σωρπ

σωρ σωρ

σωρπ

σωρ

ρ π
σ ω

《物理学进展》2011年31卷第4期
138 pp
with
122 figs
595 refs
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Atomic nuclei

Atomic nucleus is a rich system in physics 
 quantum system
 many-body system (A ~ 100, spin & isospin d.o.f.)
 finite system (surface, skin, halo, …)
 open system (resonance, continuum, decay, …)

Spin and Isospin are essential degrees
of freedom in nuclear physics.

Tanihata:1985

Neutron halos R ~ A1/3? Not always!
11Li: a size as 208Pb



Spin and Magic numbers

Nuclear single-particle spectrum
 Strong spin-orbit interaction

“Nuclear Magic numbers”

 Pseudospin symmetry
near degeneracy between

)2/1,,( ±= ljln
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+=+−

)2/1,,(
)2/3,2,1(

ljln
ljln

Haxel, Jensen, Suess, Phys. Rev. 75, 1766 (1949)
Goeppert-Mayer, Phys. Rev. 75, 1969 (1949)

Arima, Harvey, Shimizu, Phys. Lett. B 30, 517 (1969)
Hecht & Adler, Nucl. Phys. A 137, 129 (1969)

Ginocchio, Phys. Rev. Lett. 78, 436 (1997)
Nobel Prize 1963



Spin and Magic numbers

Nuclear single-particle spectrum
 Strong spin-orbit interaction

“Nuclear Magic numbers”

 Pseudospin symmetry
near degeneracy between

)2/1,,( ±= ljln





+=
+=+−

)2/1,,(
)2/3,2,1(

ljln
ljln

Nobel Prize 1963
with 58 figures, 10 tables, 
and 378 references



Isospin and Equation of state

The building blocks of nucleus are protons and neutrons. (isospin doublets)

11Li
9Li7Li6Li 8Li

Neutron halos

10Li

Meng et al., Prog. Part. Nucl. Phys. 57, 470 (2006)



Isospin and Equation of state

The building blocks of nucleus are protons and neutrons. (isospin doublets)

Equation of State: two kinds of Fermions  symmetry energy
(nuclear physics × astrophysics)

Demorest et al., Nature 467, 1081 (2010)
Li, Chen, Ko, Phys. Rep. 464, 113 (2008)

“2.0 Solar mass neutron star” in the Universe



Nuclear spin-isospin physics

Nuclear spin-isospin excitations
 β-decays in nature
 charge-exchange reactions in lab

These excitations are important to understand 
“What are the spin and isospin properties of 
nuclear force and nuclei?” (nuclear physics)

“Where and how does the rapid neutron-capture 
process (r-process) happen?” (astrophysics)

“Are there only three families of quarks in nature?” 
(particle physics)

Key exp. @
RIKEN

RCNP
CERN

GSI
MSU

TRIUMF
……



Covariant density functional theory

 Fundamental: Kohn-Sham Density Functional Theory

 Scheme: Yukawa meson-exchange nuclear interactions

Comparing to traditional non-relativistic DFT
 Effective Lagrangian

connections to underlying theories, QCD at low energy
 Dirac equation

consistent treatment of spin d.o.f. & nuclear saturation properties (3-body effect)
 Lorentz covariant symmetry

unification of time-even and time-odd components

Aoki et al., Prog. Theor. Exp. Phys. 2012, 01A105 (2012)



Dirac and RPA equations

 Energy functional of the system

 Dirac equations for the ground-state properties

with

 RPA equations for the vibrational excitation properties

 δE/δρ equation of motion for nucleons: Dirac (-Bogoliubov) equations
 δ2E/δρ2 linear response equation: (Q)RPA equations



Particle-hole scheme

 RPA = random phase approximation
= 1p1h + ground-state correlation

Schematic picture of collective excitations

See, e.g.,
Ring & Schuck, The Nuclear Many-Body Problem (Springer, New York, 1980)



CDFT+RPA in charge-exchange channel

Particle-hole residual interactions HZL, Giai, Meng, Phys. Rev. Lett. 101, 122502 (2008)

 σ-meson

 ω-meson

 ρ-meson

 pseudovector π-N coupling

 zero-range counter-term of π-meson

 For the correct asymptotic behavior,  g’ is not a parameter, but must be 1/3.



Spin-isospin resonances

CDFT+RPA for spin-isospin resonances (with only Hartree terms)
De Conti:1998, 2000, Vretenar: 2003, Ma:2004, Paar:2004, Niksic:2005

example: Gamow-Teller resonance (GTR) in 208Pb (ΔS = 1, ΔL = 0, Jπ = 1+)

Wakasa et al. Exp. @ RCNP, Osaka U.

 One has to add π and fit g’  Self-consistency is lost



Gamow-Teller resonances

CDFT+RPA for Gamow-Teller resonances (with both Hartree & Fock terms)

HZL, Giai, Meng, Phys. Rev. Lett. 101, 122502 (2008)

 GTR excitation energies can be
reproduced in a fully self-consistent
way.



GTR energies and strength

 GTR excitation energies in MeV and strength in percentage of the 3(N - Z) sum rule within the 
RHF+RPA framework. Experimental and the RH+RPA results are given for comparison.

HZL, Giai, Meng, Phys. Rev. Lett. 101, 122502 (2008)

 The pion is not included in PKO2.



Physical mechanisms of GTR

With only Hartree terms
 No contribution from isoscalar σ and ω

mesons, because exchange terms are 
missing.

 π-meson is dominant in this resonance.
 g' has to be retted to reproduce the 

experimental data.

HZL, Giai, Meng, Phys. Rev. Lett. 101, 122502 (2008)
HZL, Zhao, Ring, Roca-Maza, Meng, Phys. Rev. C 86, 

021302(R) (2012)

With both Hartree & Fock terms
 Isoscalar σ and ω mesons play an essential 

role via the exchange terms.
 π-meson plays a minor role.
 g' = 1/3 is kept for self-consistency.



Spin-dipole resonances

(Exp.)  Wakasa et al., PRC 84, 014614 (2011); (Theory) HZL, Zhao, Meng, Phys. Rev. C 85, 064302 (2012)

CDFT+RPA for Spin-dipole resonances (ΔS = 1, ΔL = 1, Jπ = 0-, 1-, 2-)

 a crucial test for the theoretical predictive power



β decays and r-process

Nuclear β decays and r-process nucleosynthesis

EURICA:
Key exp. @ RIKEN

 EURICA project is providing lots of new β-decay data towards r-process path. 

http://ribf.riken.jp/EURICA/
Theses (PhD x 5, Master x 1)

Articles (PRL x 7, PLB x 1, PRC x 3)



β decays and r-process

Nuclear β-decay rates and r-process flow (Z = 20 ~ 50 region)

Niu, Niu, HZL, Long, Niksic, Vretenar, Meng,
Phys. Lett. B 723, 172 (2013)

FRDM+QRPA: widely used nuclear input
RHFB+QRPA: our results

 Classical r-process calculation shows a faster r-matter flow at the N = 82
region and higher r-process abundances of elements with A ~ 140.



Cabibbo-Kobayashi-Maskawa matrix
 quark eigenstates of weak interaction         quark mass eigenstates
 unitarity of CKM matrix        test of Standard Model

Unitarity test  Particle Data Group 2014

 the most precise test comes form |Vud|2 + |Vus|2 + |Vub|2

 the most precise |Vud| comes from nuclear 0+ 0+ superallowed β transitions

Nuclear superallowed β transitions
 experimental measurements
 theoretical corrections (isospin symmetry-breaking corrections)

"Only three families of quarks in nature?"

CKM matrix and its unitarity test

Nobel Prize 2008



 Isospin symmetry-breaking corrections δc. All values are expressed in %.

Isospin symmetry-breaking corrections δc

HZL, Giai, Meng, PRC 79, 064316 (2009)

with Fock terms w/o Fock terms



Effect of Coulomb exchange mean field

HZL, Giai, Meng, PRC 79, 064316 (2009)

 Corrections δc in %.

 PKO1*: same as PKO1, but
switching off Coulomb exchange
mean field.

 Corrections δc with PKO1* are
almost the same as those of
RH+RPA approach.

 Corrections δc are sensitive to the
proper treatments of the Coulomb
field, but not sensitive to specific
effective interactions.



Isospin corrections & Vud

Isospin corrections by self-consistent CDFT cited by PDG 2010, 2012, 2014, ... 

HZL, Giai, Meng, PRC 79, 064316 (2009); Satula et al., PRL 106, 132502 (2011); PRC 86, 054316 (2012)

 To our best knowledge: |Vud|2 + |Vus|2 + |Vub|2: 0.997 ~ 1.000 (the 4th family?) 



Summary and Perspectives

In these two lectures
 the foundation of density functional theory
 the key formalism of nuclear DFT in covariant scheme
 the self-consistent and relativistic description of nuclear spin-isospin excitations

Atomic nucleus is a rich system in physics 
 quantum system
 many-body system (A ~ 100, spin & isospin d.o.f.)
 finite system (surface, skin, halo, …)
 open system (resonance, continuum, decay, …)

To understand both ground states and excited states of thousands of nuclei in
a consistent and predictive way:
 to study spin and isospin physics in exotic deformed nuclei
 to provide reliable nuclear inputs for interdisciplinary studies in nuclear

astrophysics and particle physics
 ……
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