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CMEとはいったいなんですか？

質問
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磁場をかけると、電場と垂直に 
電流が発生する現象です 
（量子ホール効果に似ています）

答え
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CMEは実験で見えたのですか？

質問
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重イオン衝突ではたぶんまだ 
でも否定もされていません 
物性ではかなり活発に議論中

答え
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見えるんですか？

質問
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見えているのかも知れません 
カイラリティの偏りが出てくる 
メカニズムが不明・・・

答え
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目指している物理
未だ嘗てQCD真空のトポロジー的性質が実験的
に見えたことはない 

カイラル対称性はどうして破れているのか？ 
理論は「インスタントン」だと言う 
しかし誰が「インスタントン」を見たのか？
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Let us return now to the potential energy of the YM fields,

V =
1

2g2

!

d3
x (Ba

i )
2
. (16)

One can imagine plotting the potential energy surfaces over the Hilbert space of the
coordinates Aa

i (x). It will be some complicated mountain country. If the field happens
to be a pure gauge, Ai = iU†∂iU , the potential energy at such points of the Hilbert
space is naturally zero. Imagine that we move along the “generalized coordinate” being
the Chern–Simons number (10), fixing all other coordinates whatever they are. Let us take
some point Aa

i (x) with the potential energy V . If we move to another point which is a
gauge transformation of Aa

i (x) with a winding number NW , its potential energy will be
exactly the same as it is strictly gauge invariant. However the Chern–Simons “coordinate”
of the new point will be shifted by an integer NW from the original one. We arrive to the
conclusion first pointed out by Faddeev, and Jackiw and Rebbi (1976), that the potential
energy of the YM fields is periodic in the particular coordinate called the Chern–Simons
number.

Potential energy of the gluon field is periodic in one direction
and oscillator-like in all other directions in functional space.

dyons D. Diakonov, 28.02.09-03.03.09

q-真空
教科書に載っているイロハ 
なのに実験的検証がない？Diakonov
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強磁場の発生は自明です
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オーダーの見積もり
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Figure 10. Left: Collision geometry seen from the above. Right: Profile of the
produced magnetic field as a function of time.

4. Strong Magnetic Field and Dimensional Reduction

In the heavy-ion collision with a finite impact parameter (i.e. peripheral collision) a

magnetic field is created by the positively charged ions moving at almost the speed of

light. Let us evaluate how large magnetic field is expected in the collision at the RHIC

energy in a classical manner. For simplicity we assume that the (positively charged)

heavy ions are point charges [147]. The collision geometry is schematically modelled as

in the left of figure 10. Then, from the Liénard-Wiechert potential, the magnetic fields

at the origin reads

eB(x, t) =
Ze2

4π
· bβ(1− β2)ey

[(βt)2 + (1− β2)(b/2)2]3/2
= eB0

ey

[1 + (t/t0)2]3/2
, (54)

eB0 =
8Zαe

b2
sinh(Y ) = (47.6 MeV)2

!1fm
b

"2

Z sinh(Y ) ,

t0 =
b

2 sinh(Y )
.

In the definition of B0 and t0 we use the beam rapidity Y instead of the velocity β,

which is related by β = tanh(Y ). Here, B0 is the maximum strength of the magnetic

field and t0 gives a typical time scale of decaying field. In the case of Au-Au collision

at the RHIC energy, these parameters are

Z = 79 , sinh(Y ) ≃ cosh(Y ) =

√
sNN

mN
≃ 106.6 . (55)

The point-charge approximation is valid when the collision is far peripheral. So, let us

take b = 10 fm [147]. Then, this simple estimate leads to

eB0 ≃ 1.9× 105 MeV2 = 3.2× 1019gauss , t0 ≃ 0.05 fm/c . (56)

This magnetic field strength is 104 times larger than the surface magnetic field of the

magnetar, and 107 times larger than that of the ordinary neutron star. Although such a

strong field is transient and decays with the time scale t0, we note that the decay is not

as steep as exponential damp but power-law suppression. At t/t0 ∼ 2 ∼ 0.1 fm/c, for

example, the magnetic field diminishes to a tenth of B0. We note that this time scale is

of order of Q−1
s where Qs is the saturation scale at RHIC [148, 149, 150]. Although there
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磁場の評価について
粒子描像に基づくモデル (UrQMDなど) の範囲内では
比較的容易に電磁場を計算できます 

電磁場中の荷電粒子の運動(back-reaction)を取り入れ
た計算は(たぶん)ありません(かなり重い計算です) 

磁場の寿命には back-reaction が重要になります (Lentz
の法則) が、入れ過ぎに注意 (自分の作る磁場で勝手に
曲がったりしない) 

spectatorsの作る磁場をparticipantsが感じている、とい
うのが最もポピュラーなセットアップ

13
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ここからしばらく仮定をおきます
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強い磁場が時空一様にかかっている

QGP中に（なんらかの理由で）カイラリティがある

本当はそんなことはありません 
空間的に複雑な構造を持つパルス磁場です

ここがいちばん致命的な部分です 
あとでもっと詳しく議論します
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Chiral Magnetic Effect (CME)
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Right-handed particles 
Momentum parallel to Spin

Left-handed particles 
Momentum anti-parallel to Spin

J 6= 0 induced by NR �NL 6= 0

Kharzeev-McLerran-Warringa (2007)
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これは不十分な説明です
磁場中のスピン運動方程式 (LLG eq.)を解くとスピン
は歳差運動して、緩和がない限り磁場の方向に揃う
ことはありません 

CMEの公式の最大の問題点は、磁場をかけた瞬間に
電流が流れるように見えてしまうことです 
クォーク物質のスピン緩和時間など誰も知りません 

古典的な説明では、暗に統計力学的な系を仮定して
しまっています（量子論的には正当化できる可能性
もありますが）

16
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（最も）簡単な導出
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あれ？ゲージ不変なんですか？
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右巻きと左巻き
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jR =
q2e
2⇡2

µRB

jL =
q2e
2⇡2

µLB
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ベクトルと軸性ベクトル
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jV =
q2e
2⇡2

µ5B

jA =
q2e
2⇡2

µqB

CME

CSE
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ベクトルと軸性ベクトル

20

jV =
q2e
2⇡2

µ5B

jA =
q2e
2⇡2

µqB

有限密度＋磁場（ありふれた環境：中性子星）

CME

CSE
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ただの分極です! (by 山本さん)
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なにが”流れて”いるのか？ 
なにも流れていないかも？
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別の（オリジナルな）導出
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4 Kenji Fukushima

the hottest discussions all the day. It took us a few days until we eventually con-
vinced ourselves to arrive at the right answer. Later on, Harmen had great efforts
to dig out several independent derivations of Eq. (1) while preparing for our paper.
Among various derivations we first found the one based on the thermodynamic po-
tential (i.e. the derivation C in Ref. [11]). Because this calculation plays some role
in later discussions on the physical interpretation of the CME current, let us take a
closer look at the detailed derivation using the thermodynamic potential.

The most essential ingredient is the quasi-particle energy dispersion relation in
the presence of B and µ5. For B along the z-axis, one can solve the Dirac equation
to find the dispersion relation,

ω2
p,s =

!
(p2

z +2|q f B|n)1/2 + sgn(pz)sµ5

"2
+M2

f , (4)

where s is the spin, q f and Mf are the electric charge and the mass of quark flavor
f . Once the one-particle energy is given, one can immediately write the thermody-
namic potential down as

Ω = Nc ∑
f

|q f B|
2π ∑

s=±

∞

∑
n=0

αn,s

# ∞

−∞

d pz

2π

!
ωp,s +T ∑

±
ln
$
1+ e−(ωp,s±µ)/T %

"
(5)

at finite temperature T and quark chemical potential µ . The spin factor, αn,s, is
defined as αn,s = 1 (n > 0), δs+ (n = 0,q f B > 0), δs− (n = 0,q f B < 0). This factor
is necessary to take care of the fact that the Landau zero-mode (n = 0) exists for
one spin state only. The current jz is obtained by differentiating Ω with respect to
the vector potential Az. Because the vector potential in the matter sector resides only
through the covariant derivative, the following replacement is possible inside of the
pz-integration,

∂
∂Az

= q
d

d pz
. (6)

The combination of this derivative and the pz-integration ends up with the surface
terms. It is the characteristic feature of the quantum anomaly that a finite answer
results from the ultraviolet edges in the momentum integration. That is, the CME
current reads,

jz = Nc ∑
f

q f |q f B|
2π ∑

s=±
∑
n

αn,s

# Λ

−Λ

d pz

2π
d

d pz

!
ωp,s+T ∑

±
ln
$
1+e−(ωp,s±µ)/T %

"

= Nc ∑
f

q f |q f B|
4π2

&
ωp,±(pz = Λ)−ωp,±(pz =−Λ)

'

= Nc ∑
f

q f |q f B|
4π2

&
(Λ ±µ5)− (Λ ∓µ5)

'
= Nc ∑

f

q2
f µ5

2π2 B . (7)

Here, in the second and the third lines, ± appears from the Landau zero-mode al-
lowed by αn,s, i.e. ± amounts to sgn(q f B) which cancels the modulus of |q f B|,

磁場中の自由粒子の大分配関数

Landau軌道量子化（横運動が調和振動子）

Spin 
Up

Spin 
Down

Zero-point 
Oscillation

Spin 
Up

Spin 
Down

Zeeman  
Energy
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別の（オリジナルな）導出
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4 Kenji Fukushima

the hottest discussions all the day. It took us a few days until we eventually con-
vinced ourselves to arrive at the right answer. Later on, Harmen had great efforts
to dig out several independent derivations of Eq. (1) while preparing for our paper.
Among various derivations we first found the one based on the thermodynamic po-
tential (i.e. the derivation C in Ref. [11]). Because this calculation plays some role
in later discussions on the physical interpretation of the CME current, let us take a
closer look at the detailed derivation using the thermodynamic potential.

The most essential ingredient is the quasi-particle energy dispersion relation in
the presence of B and µ5. For B along the z-axis, one can solve the Dirac equation
to find the dispersion relation,
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at finite temperature T and quark chemical potential µ . The spin factor, αn,s, is
defined as αn,s = 1 (n > 0), δs+ (n = 0,q f B > 0), δs− (n = 0,q f B < 0). This factor
is necessary to take care of the fact that the Landau zero-mode (n = 0) exists for
one spin state only. The current jz is obtained by differentiating Ω with respect to
the vector potential Az. Because the vector potential in the matter sector resides only
through the covariant derivative, the following replacement is possible inside of the
pz-integration,

∂
∂Az

= q
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The combination of this derivative and the pz-integration ends up with the surface
terms. It is the characteristic feature of the quantum anomaly that a finite answer
results from the ultraviolet edges in the momentum integration. That is, the CME
current reads,
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Here, in the second and the third lines, ± appears from the Landau zero-mode al-
lowed by αn,s, i.e. ± amounts to sgn(q f B) which cancels the modulus of |q f B|,
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磁場中の自由粒子の大分配関数

Landau軌道量子化（横運動が調和振動子）

横運動の位相空間積分 → Landau軌道からの和

エネルギーをゲージ場で微分すれば電流
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the hottest discussions all the day. It took us a few days until we eventually con-
vinced ourselves to arrive at the right answer. Later on, Harmen had great efforts
to dig out several independent derivations of Eq. (1) while preparing for our paper.
Among various derivations we first found the one based on the thermodynamic po-
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is necessary to take care of the fact that the Landau zero-mode (n = 0) exists for
one spin state only. The current jz is obtained by differentiating Ω with respect to
the vector potential Az. Because the vector potential in the matter sector resides only
through the covariant derivative, the following replacement is possible inside of the
pz-integration,
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The combination of this derivative and the pz-integration ends up with the surface
terms. It is the characteristic feature of the quantum anomaly that a finite answer
results from the ultraviolet edges in the momentum integration. That is, the CME
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Here, in the second and the third lines, ± appears from the Landau zero-mode al-
lowed by αn,s, i.e. ± amounts to sgn(q f B) which cancels the modulus of |q f B|,

微分を積分 → 表面項だけが残る → 量子異常

Landauゼロモードからの寄与だけが残る 
一見綺麗な導出だが・・・いろいろ変なところがある
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変なところ
運動量無限大の粒子がカレントを作っている？ 

熱平衡状態でのカレント演算子期待値？

25

+ = 正しい？

lattice-QCDで計算しているカレント期待値も 
原理的に静的な量（電流は非平衡定常現象）

電流の計算には線型応答理論が基本
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6

momentum

σ′′
χ(p) =

e2

16π

p2−p2
0

p3

!

8θ(p2 − p2
0)p0µ5

+ T
"

s,t,r=±

st
!

2rT Li2
#

−e(qr+tµs)/T
$

+ p
%

sgn(p0)θ(p
2
0 − p2) + r θ(p2 − p2

0)
&

×

log
#

1 + e(qr+tµs)/T
$''

. (43)

In the limit of homogeneous magnetic fields (p → 0),
the imaginary part of the Chiral Magnetic conductivity
becomes

σ′′
χ(ω) =

e2

3π
ωδ(ω)µ5

+
e2ω|ω|
96π

"

s,t=±

st

(

d

dq
ñ(q + tµs)

)

q=|ω|/2

. (44)

The derivative with respect to the Fermi-Dirac distribu-
tion shows that for small temperatures only states near
the Fermi-surface contribute to the Chiral Magnetic con-
ductivity.

At zero temperature the imaginary part of the leading
order Chiral Magnetic conductivity becomes

σ′′
χ(ω) =

e2

3π
ωδ(ω)µ5 −

e2ω2

96π

"

s,t=±

st δ(ω/2 + tµs). (45)

The last equation shows that in the limit of p → 0 the
leading order contribution to the Chiral Magnetic con-
ductivity develops resonances at ω = ±2µs. As argued in
the previous section, these resonances can be attributed
to particle-antiparticle pair production in the time de-
pendent electromagnetic field.

For large temperatures (T > µ5) we can approximate
Eq. (44) by

σ′′
χ(ω) =

e2

3π
ωδ(ω)µ5 +

e2ω|ω|
24πT 2

ñ(|ω|/2)3

×
#

e|ω|/T − e|ω|/(2T )
$

µ5. (46)

The imaginary part at large temperatures has a maxi-
mum at ω/T ≈ 5.406 with value σ′′ ≈ 0.394σ0.

C. Real part

At zero temperature we can now recover the real part
of the Chiral Magnetic conductivity by applying the
Kramers-Kronig relation, Eq. (20). We find

σ′
χ(ω = 0) =

e2

2π2
µ5, (47)

σ′
χ(ω ̸= 0) =

e2

3π2

"

s=±

sµs

4 − (ω/µs)2
. (48)
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FIG. 1: Real (red, solid) and imaginary (blue, dashed) part
of the leading order Chiral Magnetic conductivity as a func-
tion of frequency, at T = 0 and µ = 0 for p = 0.1µ5.
The result is normalized to the zero frequency conductivity
σ0 = e2µ5/(2π2).
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FIG. 2: Real (red, solid) and imaginary (blue, dashed) part of
the leading order normalized Chiral Magnetic conductivity as
a function of frequency, at T = 0, µ = 1.5µ5 and p = 0.1µ5.
The result is normalized to the zero frequency conductivity
σ0 = e2µ5/(2π2).

For finite temperatures we were unfortunately not able
to obtain an analytic expression for the real part.

The delta function of the imaginary part at ω = 0
only contributes to 2/3 of the real part at ω = 0. The
other 1/3 part comes from the pair-production processes.
This conclusion holds for any temperature. This is be-
cause the both the real (see Eq. (40)) and imaginary
part (Eq. (44)) at ω = 0 are independent of tempera-
ture. From the Kramers-Kronig relation it follows that
for any nonzero frequency the imaginary part at ω = 0
does not contribute to the real part at ω ̸= 0. Therefore
for any temperature the real part of the Chiral Magnetic

Chiral Magnetic Conductivity (Kharzeev-Warringa)

2

asymmetry can be investigated experimentally using the
observables proposed in Ref. [24]. Preliminary data of the
STAR collaboration has been presented in Refs. [25, 26].
Implications of the Chiral Magnetic Effect on astrophys-
ical phenomena have recently been discussed in Ref. [27];
another astrophysical implication can be found in [28].

A system of massless fermions with nonzero chirality
can be described by a chiral chemical potential µ5 which
couples to the zero component of the axial vector current
in the Lagrangian. The induced current in such situa-
tion can be written as j = σχB, where σχ is the Chiral
Magnetic conductivity. For constant and homogeneous
magnetic fields its value is determined by the electro-
magnetic axial anomaly and for one flavor and one color
equal to [22, 29, 30] (see also [31])

σχ(ω = 0, p = 0) ≡ σ0 =
e2

2π2
µ5, (2)

where ω and p denote frequency and momentum respec-
tively, and e equals the unit charge. For a finite number
of colors Nc and flavors f one has to multiply this result
by Nc

!

f q2
f where qf denotes the charge of a quark in

units of e. The generation of currents due to the anomaly
in background fields or rotating systems is also discussed
in related contexts in Refs. [31, 32, 33, 34, 35].

For constant magnetic fields which are inhomogeneous
in the plane transverse to the field one finds that the total
current J along B equals [22],

J = e
"eΦ

2π

#Lzµ5

π
, (3)

where Lz is the length of the system in the z-direction
and the flux Φ is equal to the integral of the magnetic
field over the transverse plane,

Φ =

$

d2xB(x, y). (4)

The floor function ⌊x⌋ is the largest integer smaller than
x. The quantity ⌊eΦ/(2π)⌋ in Eq. (3) is equal to the
number of zero modes in the magnetic field [36].

To compute the current generated by a configuration
of specific topological charge, one should express µ5 in
terms of the chirality N5. By using the anomaly relation
one can then relate N5 to the topological charge. This is
discussed in detail in Ref. [22].

The aim of this paper is to study how a system with
constant nonzero chirality responds to a time dependent
magnetic field. This is interesting for phenomenology
since the magnetic field produced with heavy ion colli-
sions depends strongly on time. To obtain the induced
current in a time-dependent magnetic field, we will com-
pute the Chiral Magnetic conductivity for nonzero fre-
quencies and nonzero momenta using linear response the-
ory. We will compute the leading order conductivity and
leave the inclusion of corrections due to photon and or
gluon exchange for future work. In leading order the Chi-
ral Magnetic conductivity for an electromagnetic plasma

and quark gluon plasma are equal (up to a trivial factor of
Nc

!

f q2
f ). Since we do not take into account higher or-

der corrections, some of our results for QCD will only be
a good approximation in the limit of very high tempera-
tures where the strong coupling constant αs is sufficiently
small.

We will take the metric gµν = diag(+,−,−,−).
The gamma matrices in the complete article satisfy
{γµ, γν} = 2gµν . We will use the notation p for both
the four-vector pµ = (p0, p) and the length of a three-
vector p = |p|.

II. KUBO FORMULA FOR CHIRAL
MAGNETIC CONDUCTIVITY

For small magnetic fields, the induced vector current
can be found using the Kubo formula. This formula tells
us that to first order in the time-dependent perturbation,
the induced vector current is equal to retarded correlator
of the vector current with the perturbation evaluated in
equilibrium. More explicitly, one finds that

⟨jµ(x)⟩ =

$

d4x′ Πµν
R (x, x′)Aν(x′), (5)

where jµ(x) = eψ̄(x)γµψ(x) and the retarded response
function Πµν

R is given by

Πµν
R (x, x′) = i⟨[jµ(x), jν(x′)]⟩θ(t − t′). (6)

The equilibrium Hamiltonian is invariant under trans-
lations in time and space, therefore we can use that
Πµν

R (x, x′) = Πµν
R (x−x′). Let us take a vector field of the

following specific form Aν(x) = Ãν(p)e−ipx. The Kubo
formula now becomes,

⟨jµ(x)⟩ = Π̃µν
R (p)Ãν(p)e−ipx, (7)

where

Π̃µν
R (p) =

$

d4x eipxΠµν
R (x). (8)

In order to compute the Chiral Magnetic conductiv-
ity we will take a time-dependent magnetic field pointing
in the z-direction. Because of Faraday’s law (∇ × E =
−∂B/∂t), such time-dependent magnetic field comes al-
ways together with a perpendicular electric field. Let
us choose a gauge such that the only component of the
vector field that is non-vanishing is Ay. Then Bz(x) =
∂xAy(x) so that B̃z(p) = ip1Ã2(p). Using Eq. (7) we
find that the induced vector current in the direction of
the magnetic field can now be written as

⟨jz(x)⟩ = σχ(p)B̃z(p)e−ipx, (9)

where the Chiral Magnetic conductivity equals

σχ(p) =
1

ip1
Π̃23

R (p) =
1

2ipi
Π̃jk

R (p)ϵijk. (10)

Dynamical

p = 0 ! ! 0

Static

p ! 0 ! = 0
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Views of the Chiral Magnetic Effect 11

A subsequent question naturally arises; what happens if θ(x) has not only temporal
but also spatial dependence in general? The Chern-Simons-Maxwell theory with
general θ(x) provides us with the following modified Maxwell equations;

∇ ·E = ρ +Nc ∑
f

q2
f

2π2 (∇θ) ·B , (24)

∇×B−∂0E = j+Nc ∑
f

q2
f

2π2

!
(∂0θ)B− (∇θ)×E

"
, (25)

and Faraday’s law and Gauß’s law are not altered. We see that the CME current
appears in the right-hand side of Eq. (25) as if it is a part of the external current.
In this manner we can conclude from Eq. (24) that an electric-charge density is
induced by spatially inhomogeneous θ(x) in the presence of B. To the best of my
knowledge Eqs. (24) and (25) are the quickest derivation of the Chiral Magnetic
Effect, as discussed first in Ref. [27].

[After I finished writing this article, I was informed by Toni, one of the authors
of Ref. [38], that the confusion about the CME in the holographic context seems to
continue. I am not able enough to make any judgment here, and those who want to
dive into this confusion can consult the recent analysis in Ref. [3].]

4 What really flows?

To tell the truth, I have never gotten any satisfactory answer to the following ques-
tion; what really flows? I have had various discussions with people who have vari-
ous backgrounds, but those discussions ended up with more confusions than before.
Thanks to useful conversations, nevertheless, my eyes have been open to various
views of Eq. (1). People (including me) say that the CME current is an electric cur-
rent induced by B just like Ohm’s law with the electric field E. Let me begin with
suspecting this interpretation that people just take for granted.

In classical electrodynamics Eq. (25) is usually written in a slightly different way,
i.e.,

∇×B = j+∂0E+Nc ∑
f

q2
f

2π2

!
(∂0θ)B− (∇θ)×E

"
, (26)

and ∂0E is called the displacement current. We see that the CME current should be
a genuine current if ∂0E can be regarded as a real electric current, for they enter
Ampère’s law on equal footing. In other words, if the displacement current is not a
real current, the CME current is not, either. Now, we know from our experience that
∂0E is only the time derivative of the electric field and no electric charge flows asso-
ciated with the displacement current. The displacement current certainly plays the
equivalent role as j as a source to create B, but it is clear that there is no movement
of electric charge at all. It would be therefore a legitimate claim to insist that the

Chern-Simons-Maxwell Theory

Maxwellの変位電流のようなもの 
変位電流は、なにも流れていません！ 
電流と同じように磁場のソースとなるもの
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Sphaleron Transition
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� ⇠ lim
!!0

Z
hq(t)q(0)ice�i!t / T 4

サイズは 1/T < 1fm くらい(インスタントンと違う)

Q @tn5(x) = q(x)

�N5 = Q

高温では摂動的な 
揺らぎでCS数の 
違うセクターに遷移 
できる 
（振り子が好例）
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Sphaleron Transition 

Color Glass Condensate
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� ⇠ lim
!!0

Z
hq(t)q(0)ice�i!t / T 4

サイズは 1/T < 1fm くらい(インスタントンと違う)

q ⇠ E ·B
サイズは 1/Qs < 0.1fm くらい(ネットな巻付きはゼロ)
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仮定について再考（µ5）
Sphaleron Transition 

Color Glass Condensate 

Disoriented Pseudo-scalar Condensate
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� ⇠ lim
!!0

Z
hq(t)q(0)ice�i!t / T 4

サイズは 1/T < 1fm くらい(インスタントンと違う)

q ⇠ E ·B
サイズは 1/Qs < 0.1fm くらい(ネットな巻付きはゼロ)

⌘ ⇠ ✓ ⇠ h ̄�5 i 時間依存するDCCのようなもの
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仮定について再考（µ5）
Sphaleron Transition 

Color Glass Condensate 

Disoriented Pseudo-scalar Condensate
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� ⇠ lim
!!0

Z
hq(t)q(0)ice�i!t / T 4

サイズは 1/T < 1fm くらい(インスタントンと違う)

q ⇠ E ·B
サイズは 1/Qs < 0.1fm くらい(ネットな巻付きはゼロ)

⌘ ⇠ ✓ ⇠ h ̄�5 i

磁場の寿命より遅い
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Longitudinal Fields = P-odd Domains

Characterized  
        by Qs

Lappi-McLerran (2006)

t
h

Topological charge density ~ E ·B ⇠ Q4
s
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x

y

z
B

B

z

y

Ez

j z

j y

j x

CPを破る外場 
(R) 粒子＞反粒子 
(L) 反粒子＞粒子

生成される粒子の 
運動量分布に偏り

量子ホール電流

カイラル磁気電流

オーム則

j =

Z
p f(p)
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2

follows. Choose an antiquark of momentum q and mass
m and solve as a function of time the Dirac equation
with this color field for the spinor ψq(t,x) which in
the distant past is given by the negative energy spinor
ψq(t → −∞,x) = eiq·xv(q). The time integration brings
in positive energy components and consists of three
qualitatively different domains, see Fig. 1. The region

x± < 0 is trivial. The regions marked A(1)
i , A(2)

i can be
dealt with analytically [19] and one obtains an initial
condition for ψq(τ = 0, z,xT ) along the positive light
cones. This rather complicated initial condition, given
explicitly in Eq. (16) of [19], depends on the Wilson
lines U(1)(xT ), U(2)(xT ) corresponding to the gauge
fields of the nuclei, the initial color field Ai(0,xT ) and
on yq,qT , z,xT . The spinor ψq(t,x) at τ > 0 is then
computed by solving the Dirac equation in the given
color field forward in time. Finally, one chooses a quark
momentum p and forms the overlap between a positive
energy spinor2 φp(x) = e−ip·xu(p) and the outcome of
the time evolution of the negative energy spinor in the
distant past:

Mτ (p, q) ≡
!

τdzd2xT√
τ2 + z2

φ†
p
(τ,x)γ0γτψq(τ,x) . (1)

The overlap is computed at fixed τ , hence the use of γτ ,
γ0γτ = cosh η − γ0γ3 sinh η = exp(−ηγ0γ3). This is also
the reason for the Jacobian factor τdz/

√
τ2 + z2 in the

longitudinal integration. We evaluate Eq. (1) in the 2-
dimensional Coulomb gauge ∂iAi = 0. This is the gauge
condition used in the Abelian case [18] and also the one
used to evaluate the number of gluons in the background
field. Eq. (1) gives us

dN

dy
=

!

dypd2pT

2 (2π)3
dyqd2qT

2 (2π)3
δ
"

y − yp) |Mτ (p, q)|2 , (2)

the number of quarks of one flavor of mass m per unit
rapidity (since an equal number of antiquarks are pro-
duced, we refer to this quantity as the “number of pairs”
below). Since the gluon fields are η–independent, dN/dy
is independent of y. We shall compute (2) for all τ but it
is only after the “formation time” τ >∼ 1/

#

q2
T + m2 that

the produced antiquarks can reinteract. Since one ex-
pects qT ∼ g2µ, this limit for light quarks is τ >∼ 1/(g2µ).

The parameters of the computation are the coupling g
(constant in this semiclassical set-up; we use the phe-
nomenologically relevant value g = 2, αs = 0.3) the
source density parameter µ (depends on atomic number
A and collision energy

√
s) the nuclear radius RA and the

quark mass m (like with g there is nothing in this semi-
classical set-up which would make m scale dependent).

2 Whether it is justified to use a free spinor at a finite τ in the
presence of the external field merits further study.
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0
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m = 300 MeV *

FIG. 2: Dependence on proper time τ of the number of pairs
per unit rapidity dN/dy for g2µ = 2 GeV and for values of
quark mass marked on the figure. The lowest curve corre-
sponds to g2µ = 1 GeV.
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FIG. 3: Dependence of the number of quark pairs on quark
mass at a fixed proper time, τ = 0.25 fm, and for two values
of g2µ.

Two relevant parameter combinations are g2µ and
g2µRA. The first one, g2µ, is the dominant transverse
momentum scale of the classical background field. It
is related to the saturation scale Qs; for kT < Qs the
gluonic system becomes so dense that nonlinear interac-
tions limit the growth of its density, numerically in one
phenomenological model [20] Qs ≈ 0.2 GeVA0.128√s

0.19
,

Qs ≈ 1 GeV at RHIC energies and ≈ 2 GeV at LHC en-
ergies. The dimensionless diluteness parameter g2µRA

determines the importance of nonlinear strong field ef-
fects.

The numerical computation is done on a N2
T NL lattice

so that the total transverse area is (NT a)2 = π(6.7 fm)2,
i.e., the transverse lattice spacing is a = 11.8 fm/NT =
60/NT · 1/GeV. The results presented in this letter have
been obtained with NT = 180, NL = 400, dz = 0.2a and
dτ = 0.02a. At each site one has for each color a spinor
with 4 complex components, i.e., (Nc = 3)×2×4×4 = 96
bytes in single precision, giving a total of 96 ·1802 ·400 =
1.2 GB. This illustrates the memory requirement of the
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follows. Choose an antiquark of momentum q and mass
m and solve as a function of time the Dirac equation
with this color field for the spinor ψq(t,x) which in
the distant past is given by the negative energy spinor
ψq(t → −∞,x) = eiq·xv(q). The time integration brings
in positive energy components and consists of three
qualitatively different domains, see Fig. 1. The region

x± < 0 is trivial. The regions marked A(1)
i , A(2)

i can be
dealt with analytically [19] and one obtains an initial
condition for ψq(τ = 0, z,xT ) along the positive light
cones. This rather complicated initial condition, given
explicitly in Eq. (16) of [19], depends on the Wilson
lines U(1)(xT ), U(2)(xT ) corresponding to the gauge
fields of the nuclei, the initial color field Ai(0,xT ) and
on yq,qT , z,xT . The spinor ψq(t,x) at τ > 0 is then
computed by solving the Dirac equation in the given
color field forward in time. Finally, one chooses a quark
momentum p and forms the overlap between a positive
energy spinor2 φp(x) = e−ip·xu(p) and the outcome of
the time evolution of the negative energy spinor in the
distant past:

Mτ (p, q) ≡
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φ†
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(τ,x)γ0γτψq(τ,x) . (1)

The overlap is computed at fixed τ , hence the use of γτ ,
γ0γτ = cosh η − γ0γ3 sinh η = exp(−ηγ0γ3). This is also
the reason for the Jacobian factor τdz/
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τ2 + z2 in the
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Two relevant parameter combinations are g2µ and
g2µRA. The first one, g2µ, is the dominant transverse
momentum scale of the classical background field. It
is related to the saturation scale Qs; for kT < Qs the
gluonic system becomes so dense that nonlinear interac-
tions limit the growth of its density, numerically in one
phenomenological model [20] Qs ≈ 0.2 GeVA0.128√s

0.19
,

Qs ≈ 1 GeV at RHIC energies and ≈ 2 GeV at LHC en-
ergies. The dimensionless diluteness parameter g2µRA

determines the importance of nonlinear strong field ef-
fects.

The numerical computation is done on a N2
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so that the total transverse area is (NT a)2 = π(6.7 fm)2,
i.e., the transverse lattice spacing is a = 11.8 fm/NT =
60/NT · 1/GeV. The results presented in this letter have
been obtained with NT = 180, NL = 400, dz = 0.2a and
dτ = 0.02a. At each site one has for each color a spinor
with 4 complex components, i.e., (Nc = 3)×2×4×4 = 96
bytes in single precision, giving a total of 96 ·1802 ·400 =
1.2 GB. This illustrates the memory requirement of the
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反粒子の初期条件粒子への射影

生成粒子の運動量分布が分かります 
              (ゲージに依ります)
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確かにそうなっています
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(右巻き)

カレントは運動量無限大の粒子から 
出てくるわけではありません（当然!）
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仮定について再考（磁場）

37

Color Glass Condensate (CGC)

Color Glass + Plasma = Glasma

(s) Quark-Gluon Plasma

⌧ . 1/Qs ⇠ 0.1fm/c

⌧ . ⌧0 ⇠ 1fm/c

⌧ . ⌧f ⇠ 10fm/c

Hadronization (quarks → hadrons)

B



March 27, 2015 @ RIKEN

注意すべきこと
磁場の入ったQCD相図に実験的リアリティはない(と心あ
る研究者はみなそう言っている)　主に有限密度の手法を
テストするためにやっている 

磁場や量子異常の入った流体模型に実験的リアリティを
持たせるには磁場の寿命を伸ばすメカニズムが必要 
角運動量の方が保存量だから長寿命かも？ 
(これがChiral Vortical Effectに期待を寄せる理由) 

磁場の入ったGlasma simulationを誰かやるべきなんだが 
まだやった人がいない(・・・誰か手伝ってください)

38
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非一様磁場で起きること
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Effective Action

� ⇠ µ5

Z
A(�q) ·r⇥A(q)

磁場あるいはフォトンのゲージ場

µ5

g

g

µ5

g

g* (B)

scalar

g

g* (B)

Basar et al. 
Hattori et al.
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実験の解釈

40

the quantity that needs to be evaluated theoretically is the correlation function
of electric charge asymmetry; under some reasonable assumptions it can be
related to the susceptibility of the CME electric current. This quantity has
also been computed recently in the lattice QCD simulation [37,38].

In this paper we will compute the electric-current susceptibility in an analyt-
ical approach. We hope that this calculation will serve as a step in a quanti-
tative theoretical understanding of both experimental and lattice results. In
our study we consider explicitly only the quark sector; we justify this by the
absence of perturbative corrections to the axial anomaly that is driving the
CME. This is justified at weak coupling – in other words, the CME current is
not perturbatively renormalized. Whether or not the CME current undergoes
a non-perturbative renormalization, or whether it survives in the strong cou-
pling limit, is still an open question [40,41]. We will characterize the real-time
dynamics of topological charge in the system by a certain distribution in the
chiral chemical potential µ5.

This paper is organized as follows. In Sec. 2 we briefly review the experimen-
tal observable accessible at present in heavy ion collisions and motivate the
connection between this observable and the electric-current correlation func-
tion and susceptibility. The following Sec. 3 is divided into four subsections:
first, we re-derive our previous result for the CME current [31] and compute
the longitudinal susceptibility using the thermodynamic potential. Calculating
the transverse susceptibility is not so straightforward as the longitudinal one,
and we explain our method of computation in the three following subsections.
We then proceed to Sec. 4 where we make a comparison of our results to the
lattice QCD data and provide the formulae that can be used in the description
of experimental data. Finally, we summarize in Sec. 5.

2 Experimental Observables and Correlation Functions

In heavy ion collisions at any finite impact parameter the distribution of mea-
sured (charged) particles depends on the azimuthal angle φ. The hadron mul-
tiplicity as a function of φ can be decomposed into Fourier harmonics:

dN±

dφ
∝ 1 + 2v1± cos(∆φ) + 2a± sin(∆φ) + 2v2± cos(2∆φ) + · · · , (1)

where N+ and N− are the number of positively and negatively charged parti-
cles respectively, and ∆φ ≡ φ−ΨRP is the angle relative to the reaction plane.
The coefficients v1 and v2 quantify the strength of “directed” and “elliptic”
flows respectively; they are not expected to depend on whether measured
particles are positively or negatively charged. On the other hand, the term
proportional to a± is P- and CP- odd and describes the charge separation

5

aの期待値はゼロになってしまう 
揺らぎは大きくなっているだろう

磁場の向き

20

CME + Local Parity Violation
� RPa

d
dN

�
��� �
�

� �
�

sin21

A direct measurement of the P-odd 
quantity “a” should yield zero.

Phys. Rev. C 81 (2010) 54908

Assembling ZDC-SMD
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Voloshinの物理量
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relative to the reaction plane – in other words, as sketched in Fig. 1, a± quan-
tifies the strength of the charge flow directed perpendicular to the reaction
plane. Unlike v1 and v2, as we will see later, a+ and a− depend on the charge
carried by measured particles. If the CME electric current is directed upward
(downward), we expect a+ > 0 (a− < 0); non-zero values of a+ and a− indicate
the presence of P- and CP-odd effects.

∆φ
1

a
v 2v

Fig. 1. Collision geometry and collective flows decomposed in Eq. (1), of which a±
is sensitive to P- and CP-odd effects.

We can carry out the decomposition (1) for each event and take the ensem-
ble average over all the events. We shall denote this averaging procedure by
⟨⟨· · ·⟩⟩ throughout this paper. Because the topological excitations fluctuate not
only locally (point-by-point in space) but also globally (event-by-event), ⟨⟨a±⟩⟩
becomes zero and the symmetry is restored in a sense of average. It is nec-
essary, therefore, to measure the correlation functions ⟨⟨a+a+⟩⟩, ⟨⟨a+a−⟩⟩, and
⟨⟨a−a−⟩⟩, which are invariant under P and CP transformations and thus their
ensemble average is non-vanishing.

The experimental observable sensitive to ⟨⟨a±a±⟩⟩ was proposed by Voloshin [32]:

⟨⟨cos(∆φα + ∆φβ)⟩⟩ ≡
!!

1

NαNβ

Nα"

i=1

Nβ"

j=1

cos(∆φα,i + ∆φβ,j)

##

. (2)

Here α and β indicate either + or − charge of measured particles, and the
sum goes over all charged hadrons in a given event. This observable has an
important property that becomes clear when one explicitly isolates the terms
Bαβ driven by fluctuating backgrounds [32]:

⟨⟨cos(∆φα + ∆φβ)⟩⟩ = ⟨⟨cos ∆φα cos ∆φβ⟩⟩ − ⟨⟨sin ∆φα sin ∆φβ⟩⟩
=
$
⟨⟨v1,αv1,β⟩⟩ + Bin

αβ

%
−
$
⟨⟨aαaβ⟩⟩ + Bout

αβ

%
. (3)

If the in-plane Bin
αβ and out-of-plane Bout

αβ backgrounds are the same, they
cancel out and since for a symmetric heavy ion collision in a symmetric rapidity
cut ⟨⟨v1,αv1,β⟩⟩ ≈ 0, one can identify the above (3) with −⟨⟨aαaβ⟩⟩ that serves
as an order parameter for P- and CP-odd effects. One may argue that the
above (2) has an additional contribution from the elliptic flow for α = β and
i = j or from particles that decay from the same cluster which has an elliptic
flow. Such a contribution is estimated to be a small background [35,55] and
we will neglect this in this work.
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小さいだろう キャンセルしてるだろう 
(してるわけないですが)

これは電荷分離の揺らぎを 
見ているに違いない！ 

・・・と思ったが！？
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cos cos と sin sin の分離
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Bzdak-Koch-Liao
CMEを否定したわけではない
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important property that becomes clear when one explicitly isolates the terms
Bαβ driven by fluctuating backgrounds [32]:

⟨⟨cos(∆φα + ∆φβ)⟩⟩ = ⟨⟨cos ∆φα cos ∆φβ⟩⟩ − ⟨⟨sin ∆φα sin ∆φβ⟩⟩
=
$
⟨⟨v1,αv1,β⟩⟩ + Bin

αβ

%
−
$
⟨⟨aαaβ⟩⟩ + Bout

αβ

%
. (3)

If the in-plane Bin
αβ and out-of-plane Bout

αβ backgrounds are the same, they
cancel out and since for a symmetric heavy ion collision in a symmetric rapidity
cut ⟨⟨v1,αv1,β⟩⟩ ≈ 0, one can identify the above (3) with −⟨⟨aαaβ⟩⟩ that serves
as an order parameter for P- and CP-odd effects. One may argue that the
above (2) has an additional contribution from the elliptic flow for α = β and
i = j or from particles that decay from the same cluster which has an elliptic
flow. Such a contribution is estimated to be a small background [35,55] and
we will neglect this in this work.

6

たまたまバックグラウンドと 
キャンセルしてゼロになった？

安直に結論に飛びついては 
いけないと皆、猛省した・・・
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sin sin が支配的なら
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Out-of-Plane

+

-

Same-charge

ha1a1i > 0

Opposite-charge

ha1a1i < 0

+

電荷分離
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cos cos が支配的なら
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In-Plane

同じ電荷で負の相関 
違う電荷で正の相関

+ +-
local charge consv. + v2

(LCC)
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横運動量保存(TMC)からの寄与
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Charge-Dependent Correlations 23

In the frame where ΨRP = 0 the correlator γ may be written as

γ =

!

"

i̸=j cos(φi + φj)
"

i̸=j 1

#

, (46)

or, alternatively,

γ =

!

(
"

i cos(φi))
2 − (

"

i sin(φi))
2 −

"

i cos(2φi)
"

i̸=j 1

#

, (47)

where i and j are summed over all particles in the full phase-space. In the sim-
plified scenario, where |pi,t| = |pt|, the conservation of transverse momentum
implies

$

i
cos(φi) =

$

i
sin(φi) = 0. (48)

Consequently we obtain

γ = −
%
"

i cos(2φi)

Ntot(Ntot − 1)

&

≈
−v2
Ntot

, (49)

where Ntot is the total number of particles. Taking, for example, the central-
ity class 40− 50% we approximately have v2 ≈ 0.1 and Ntot ≈ 1500 leading
to γ ≈ −0.7 · 10−4 from TMC. This is roughly a factor 3 − 4 smaller than
the experimental data for the same-charge pairs. This is only a simple esti-
mation and a more realistic AMPT calculations [44] suggest that the TMC
contribution is roughly factor 2 smaller than the STAR data.

In a similar way we obtain for the reaction plane independent correlation
function

δ = ⟨cos(φ1 − φ2)⟩ ≈ −
1

Ntot
. (50)

In this case for Ntot ≈ 1500 we obtain δ ≈ −0.7 · 10−3 which is compa-
rable or slightly larger in magnitude than same-charge data by the STAR
collaboration.

Similar results hold also in a more realistic situation, where only a small
fraction of all particles is measured, and the magnitudes of transverse mo-
menta are distributed according to the thermal distribution. This has been
discussed in detail in [43], and we will only show the most important results.

Using the central limit theorem and implying the global conservation of
transverse momentum, the two-particle distribution function reads [46, 48, 43]

ρ2(p1,p2) ≃ ρ(p1)ρ(p2)

'

1 +
2

Ntot
−

(p1,x + p2,x)2

2Ntot ⟨p2x⟩F
−

(p1,y + p2,y)2

2Ntot

(

p2y
)

F

*

.

(51)
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Bzdak-Koch-Liao�↵� = hcos(�↵ + �� � 2 RP)i
�↵� = hcos(�↵ � ��)i
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フローに寄らない部分をとりだす

46

� = v2F �H

� = F +H

Fの項：LCC / TMC 
Hの項：CME

これはCMEのシグナル？ 
低エネルギーでCME消える？ 
    (電荷の違いが見えない)

Fを消去すればHが求められる
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疑問点
もしCMEが見えているなら、どうして見えたのか不思議 
カイラリティのタネはどこ？ 
CGCのフラックスチューブは細くて本数が多すぎるのでは？ 

CMWも有望視されているが、軸性カレントはスピン分極 
ではないのか・・・カイラリティのタネは要らない 
(必要なのは初期密度だけ) → BESで検証 

QGPはCVEに必要な角運動量をもちうるのか？ 

Chiral Plasma Instabilityの現象論的応用は？
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